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ABSTRACT 


The central topic of this dissertation is counting number fields ordered by discrimi- 
nant. We fix a base field & and let Na(k,G;X) be the number of extensions N/k up 
to isomorphism with Ni,j9(dnjx) < X, [N : k] = d and the Galois closure of N/k is 
equal to G. 

We establish two main results in this work. In the first result we establish upper 
bounds for Niq(k,G;X) in the case that G is a finite group with an abelian normal 
subgroup. Further, we establish upper bounds for the case Nip\(k,G;X) where G' is 
a Frobenius group with an abelian Frobenius kernel F’. 

In the second result we establish is an asymptotic expression for Ng(Q; Au; X). 
We show that N¢(Q, Aa; X) = CX? + O(X°46--) and indicate what is expecedted 
under the ¢-torsion conjecture and the Lindelof Hypothesis. 

We begin this work by stating the results that are established here precisely, and 
giving a historical overview of the problem of counting number fields. 

In Chapter 2, we establish background material in the areas of ramification of 
prime numbers and analytic number theory. 

In Chapter 3, we establish the asymptotic result for N¢(Q, Aa; X). 

In Chapter 4, we establish upper bounds for Nq(k,G;X) for groups with a normal 
abelian subgroup and for Frobenius groups. Finally we conclude with Chapter 5 with 
certain extensions of the method. In particular, we indicate how to count extensions 
of different degrees and discuss how to use tools about average results on the size of 


the torsion of the class group on almost all extensions in a certain family. 
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CHAPTER 1 


NOTATION 


Note that throughout this work, we say f(X) <a» g(X) when there exist positive 
constants C' and N such that for all X > N, we have |f(X)| < Clg(X)| where the 
constant C' depends on the parameters a and b. 

We say that f(X) = Oup(g(X)) if and only if f(X) <a, g(X). 

We say that f(X) = o(g(X)) when limy.. f(X)/g(X) = 0. 

We say f(X) ~ g(X) when limy... f(X)/g(X) = 1. 

G will represent a finite group. 

O;, will denote the ring of integers of the number field k. 

dy /, Will always represent the relative discriminant of the field extension N/k. 

Nwo(a) will denote the relative norm of an element a in M over Q. 

Cl, will denote the class group of the number field k. 

p will denote a prime number. 


€ will always be an arbitrarily small positive constant. 


CHAPTER 2 


PRELIMINARIES 


The central topic of this work, and a central theme in arithmetic statistics, is counting 
number fields ordered by discriminant. Asking how many number fields exist, after 
restricting certain parameters, is a natural question to ask. In this chapter we indicate 
some of the main areas of study in arithmetic statistics, state the results that will 
be established here and indicate some of the prevalent methods used to attack these 
problems. 

The central questions are variants of how many number fields exist. One can order 
them by invariants such as discriminant, conductor, or product of primes that divide 
the discriminant. One can focus their investigation on dependencies on the degree of 
the extension, or the Galois group. A problem closely related to counting the number 
of abelian extensions of number fields is the problem of uncovering information about 
the size of the torsion of the class group. In this work we will investigate counting 
number fields ordered by discriminant and realize some of the connections to the size 
of the torsion of the class group. 

Before we explore the techniques used to count number fields, we explore what we 
expect. The works of Hermite (1857) together with Minkowski’s lattice point theorem 
imply that up to isomorphism there are only a finite number of number fields with 


any given fixed discriminant. A conjecture usually attributed to Linnik states: 


Conjecture 2.0.1. The number of extensions of any base field k with any fixed degree 


d with discriminant at most X is Oax(X). 


This conjecture is far from resolved, but there is a lot of progress in this direction 
once we fix the Galois closure. We now introduce some terminology. Let G 4 {1} be 


a represented as a transitive subgroup of Sy. Let Na(k,G;X) be defined as follows 
Na(k, G;X) := |{K/k : Gal(K/k) & G,[K : k] =d, and Nyo(dyjr) < X}|. (2-0-1) 


There is a conjecture towards the expected size of Na(k,G; X) stated by Malle which 
we explain in the next section. 

The first result along these lines is counting the number of quadratic extensions 
of Q ordered by discriminant, N2(Q,X). We will summarize a strategy to count 
quadratic extensions. Each discriminant is either such that d,jg = 1 (mod 4) and 
square free, or dy/g = 4n where n = 2,3 (mod 4) and n is square free. The first step 


s 


is to create a Dirichlet series U(C, 2,8) = Yja,.9 |desol-* = Uni 4nn~* and attain 


an Euler product representation of U(C2, 5). The Euler product that is attained is 


aig Tt. 2 Cs) 
pe Cor | am) G(s) “ 


Now using Perron’s formula and the residue theorem, we can calculate >°,<x dn. 
To evaluate the zeta function in the critical strip, we use the subconvexity estimate 
|C(1/2 + it)| « t'/°log(t) that was established by Hardy and Littlewood (see Titch- 


marsh (1986) Chapter 5). Putting the prices together gives us 
6 1/2 
N(Q, X) = aot aol A) 


As stated in Cohen, Diaz y Diaz, and Olivier (2002b), under the Riemann Hypothesis, 
we expect it to be O(X*/?>). We elaborate on subconvexity estimates and Perron’s 
formula in Chapater 3. 

Counting number fields in higher degree gets a more difficult. Once we start con- 
trolling parameters such as the Galois group, we are able to make more breakthroughs, 
especially in terms of establishing upper bounds. Finding asymptotic expressions as- 


sociated to Na(k,G; X) is quite difficult, but it has been done in some cases. 


In the remainder of this chapter we will state the results that will be proved in 
this work and give some context to where they fit in the area of arithmetic statistics. 
In Section 2.2 we survey known results and briefly describe some of the approaches 
that are used to find an upper bound for or asymptotic expression for Na(k,G; X). 

In Chapter 3 we go over background material that will be necessary to prove the 
main results. Section 3.1 will cover information about how primes ramify in number 
field extensions. Section 3.2 will cover information in complex analysis and analytic 
number theory. 

In Chapter 4 we derive an asymptotic expression for Ng(Q, Ay; X). In Chapter 
5 we derive upper bounds for Na(k,G;X) in the case that G is a group that has an 
abelian normal subgroup and in the case that G is a Frobenius group. 

Finally, in Chapter 6.1 we explain two extensions of the the method. The first 
extension indicates how to count extensions of degrees that don’t correspond to Ga- 
lois extensions of Frobenius extensions. The second extension explains how recent 
developments in understanding the size of the torsion of the class group for almost 


all number fields in a specified family may be applicable to our results. 


2.1 STATEMENT OF MAIN RESULTS 


In this section we state the main results that will be established in this work and 
try to provide some context of where they belong in the field of arithmetic statistics. 


First we state Malle’s conjecture. 


Definition 2.1.1. Let G be a non-trivial subgroup of the permutation group Sy. Let 
G act transitively on [d] := {1,2,...,d} and let g € G. 

1. The index of g, is ind(g) := d— the number of orbits of g on [d]. 

2. ind(G) := min{ind(g): 14g € G}. 

3. a(G, d) := 1/ind(G). 


In Malle (2002), Malle conjectured that: 


Conjecture 2.1.2. (Malle’s weak conjecture) For any non-trivial group G < Sq 


acting transitively on |d], and any number field k, 
KuGd) < Na(k, G; X) < KuG.d)te (2.1.1) 
holds for alle >0 as X — oc. 


In fact Malle (2004) went on to refine his conjecture by getting rid of the X* above 


and making a conjecture of the shape 
Na(k, G; X) ~ c(k, Gx!) (log(X))?@ 


for an explicitly stated constant b(k,G). This conjecture was shown to be false by 
Kliiners (2005). It is still believed to be mostly true outside of a few cases. With that 
said, there are still no known counter examples to his weak conjecture. We present 


some instances of the implications of his conjecture here. 


Example 2.1.3. 1. Let G=S, act on the set of n elements by its usual permu- 
tation representation. Every permutation group has a transposition p and the 
transposition is the element with most orbits. Consequently, ind(p) = n—(n—1) 
and hence a(S,,,n) = 1. This shows that (if we expect Malle’s conjecture) Lin- 


nik’s conjecture is best possible unless we fix the Galois group. 


For n < 5 we have an asymptotic main term for N,(Q,5,;X) thanks to the 
works of Davenport and H. Heilbronn (1971), Bhargava (2005) and Bhargava 
(2010). 


2. Let G = A, be the alternating group with n > 3 acting on the set of n elements. 
In this case, A, always has an element p that is a 3 cycle, and the three cycles are 
the elements with the most number of orbits. Hence ind(p) = 2 and a(A,,,n) = 


1/9! 


3. Let G be any finite abelian group acting on the set of |G| elements where the 
action is the same as left multiplication of G acting on itself. Let p € G be 
an element of order p such that p is the smallest prime divisor of |G|. In this 
case p is the element with the most orbits, |G|/p orbits in particular. Hence 
a(G, |G|) = p/(|G|(p — 1)) and Nig(k, G;X) = O(X*G!4)+¢). This has been 
established by Wright (1989). 


4. Let G = D; = {r,s|r° = s? = (sr)? = 1} be the dihedral group of size 2¢, with 


é an odd prime. Let G act on [¢] = {1,..., 2}. In particular, 


s=(1)(€ 2)(@-1 3)(@-2 a)...( 


ré=(11+k 142k ... 1+ (€-1)k) 


€+3 €4+1 
2 2 


and elements of the form sr* will be a product of transpositions of the form 
((l+ak) (€+1- (2+ 1)k)) with a fixed point at (1+ S*k). The rotations 
r*, with +k have one orbit, therefore ind(r*) = @—1. Elements of the form s7r* 
have one fixed point and (¢— 1)/2 transpositions implying there are (¢ + 1)/2 
orbits in total. This implies that ind(s) = (¢— 1)/2. Thus a(D,, 0) = 2/(@—1). 


The first main result is an upper bound result for Ny(k,G;X) for a family of 


groups. The family of groups is defined as follows: 


Definition 2.1.4. Let F, be the set of groups {1} 4 G < Sq that act transitively on 
[d| such that G = F' » H where F is non-trivial and abelian. We define F to be the 
following set 


F ={G:G€éF, and G is a Frobenius group}. 


A group G is said to be Frobenius when for all g € G\ H, HN H9 = {1} where 
H9 := {ghg"' : he H}. 


With G € F, we develop the work of Kliiners (2006) and Ellenberg and Venkatesh 
(2006) to obtain an upper bound for Nig\(k, G; X ). Moreover, if G is a Frobenius group 
with an abelian Frobenius kernel F’, we make use of a Brauer relation to obtain upper 
bounds for N\p)\(k,G;X). Corresponding to the groups above we fix the following 


notation. 


Notation 2.1.5. With 7, #,, F, G, and H as defined earlier, we assume that all 
groups in Ff, are finite. Let |F'| =m and |H| =t. Let p and p, denote the smallest 
prime divisors of m and t respectively. Let M/k be a Galois extension with Galois 
group H. Let Cly|m] be the m-torsion elements of the ideal class group of M. Let 


D be defined as 


D=D(k,Hyim) = lin sup log(|Claslm]}) 


. 2.1.2 
Lan Tog(|dial) ete) 


Let a;(G,d) denote the smallest known constant such that 
Nalk, GeX) <q KG Ot 


Let a(G,d) denote the conjectured value of a;(G,d) as defined in Definition 2.1.1. 


Corresponding to this notation, we have the following field diagram. 


N 

|H|=t i 

K = Fix(H) IF 
IG (2.1.3) 
M = Fix(F) 
|F|=m 
|H| 
k 


Theorem 2.1.6. With notation as above, we have 
Nalk; GeX) < xX4Gur 


where A(G,d), d, and G are given by: 


@ d | A(G,d) 


GeF |m | max (Sa a) 


G € F, | mt | max (aot? a) 


Here, D = D(k, H,m) is as defined in (2.1.2). 


If we are able to attain better upper bounds for D then A(G,d) may reduce, 


implying a tighter upper bound. It is believed that D = 0. 


Conjecture 2.1.7. (torsion conjecture) Let K/Q be a number field of degree n. 


For every £€N, |Clx[4| nee dig: 


The impetus for this conjecture may be found in Duke (1998), Zhang (2005) and 


Brumer and Silverman (1996). Using this we have the following results. 
Proposition 2.1.8. We have: 


1. The number of degree 6 extensions N/k with a cubic subfield M/k and fixed 


Galois group G satisfies the following 
Ne(k, G; X) <K Gentes 


2. We have that, for odd m, 


3 2— min( 54 1_\ie¢ 
Nil Dini X) < Xml mai 2m? 2k:O] 7" 
(2.1.4) 


Nog lh, Dyk VS Xo = min(s5 soy) € 


3. LetG=F™H € F,. IfH its abelian, orG = FxH, under the assumption of the 
€-torsion conjecture and the assumption of Malle’s conjecture for N\n\(k, H; X), 


we achieve Malle’s predicted upper bound for Niq\(k, G; X). 


The first part of the Proposition above stems from studying quadratic extensions 
of cubic extensions. The second part of the Proposition above stems from incorpo- 


rating improved bounds on the ¢-torsion of the class group. Similar upper bounds for 


N,(k, Dy; X) and No,(k,D,; X) have been previously established by Kliiners (2006) . 
Using a similar method with improved bounds of the m torsion on the class group by 
Frei and Widmer (2018b) imply the result of the proposition above. In fact Frei and 
Widmer have also improved the upper bound of Kliiners for the case k = Q. And for 
the case k = Q the result of Frei and Widmer is better than the one stated in this 
proposition. The last part is a direct application of the ¢-torsion conjecture on the 
main theorem. 


We now showcase some examples of applying the above result. 


Example 2.1.9. The results in the table below are the best known upper bounds 
for Na(k, G; X) for the specified conditions. 


G Conditions d A(G, d) a(G, d) 
Cex Cy_y ¢ is an odd prime el 5 + al 2/€-—1 
Cex Coy €isanodd prime | @—0) 5+ iD 2/(€(€ —1)) 
Ay k=Q 4 0.7783 | 1/2 

C3 x (Cz x C3) 8 27/14 1/4 

C3 x (Cz x C3) | ¢-torsion conjecture | 8 1/4 1/4 

O34 Cr k=Q 8 0.595... | 1/4 

C193 ¥ Cyz k= Q 103 0.09369 0.0104 

St k=Q 6 1/2 1/2 


Computations for a(G,d) for the degree 4, degree 6 and degree 8 extensions may be 
found in Dummit (2017). The first 3 examples are direct consequences of Theorem 
2.1.6. The first three groups are instances of Frobenius groups. We use that D = 
0.278... in the N4(Q, Ag; X) case and D = 1/2 otherwise. The upper bounds for 
Ng(k, C3 x (Cz x C3)) are instances of applying the main result twice. These upper 
bounds are better than the upper bound established in Dummit (2014). To see the 


first case, we set D = 1/2 and note that the theorem implies No\(k,C7 x C3;X) < 


X1/"t« first and then using the theorem once more with a,(C7 » C3,21) = 1/7,t = 
21,m = 8 we get the stated result. In the case that we assume the @ torsion conjecture, 
we set D = 0 and go over the same method. The next two examples stem from 
improved results on D. From Bhargava et al. (2017), we know that the two torsion of 
a degree 7 extensions of Q has D = 1/2—1/14. Using this and the fact that C? C7 isa 
Frobenius group, the statement of the theorem implies Ng(Q, O} x C7; X) « X?9/#+«, 
From the work of Frei and Widmer as states in Section 6.1 we will improved results 
of the 103-torsion of the class group of a field M such that [M : Q| = 17. The 
last example indicates that the method can be used to obtain upper bounds for 
Na(k,G;X) for d # mt in certain cases. In fact, the last example implies that, 
unconditionally, we have Ng(k, $4; X) < X1/?+© which is exactly as Malle’s conjecture 


predicts. Details regarding these extensions may be found in Section 6.1. 
The second main result we show in this work can be stated as follows. 


Theorem 2.1.10. 1. Up to isomorphism, the number of sextic extensions of Q 


with Galois group A, and absolute value of discriminant bounded above by X is 


Neo(Q, Aa; X) =CX"? + O(X 3), (2.1.5) 
Here, 
ae oD ( (5-1) =Mi(s) II (14 3)) leneel 
~ X40 Bala ne oe | | [euro 
a M/Q ae 3 pO m=P1P2P3 i 


Idagjol<X1/? 
Gal(M/Q)=C3 
(2.1.6) 


where M,(s) depends on the ramification of 2 in the cyclic cubic field M/Q and 
is defined precisely in Theorem 4.0.4 below. The constant B is the smallest pos- 
itive constant such that for a cubic extension M/Q, the following always holds 
|Cliv[2]| < |duyjol?**. The current state of the art result is due to Bhargava 


et al. (2017) who are able to show B < 0.278 +... implying 


No6(Q, Ag; X) = Cx? + OC ts). 
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2. With the constant C as defined above, if we assume the ¢-torsion conjecture, we 


have 


Ne(Q, Ag; X) — Cx? < NK o/l4te 
3. Under the assumption of the Lindeléf Hypothesis, we have 


No(Q, Ag; X) _— Cx? < 0-389... 


4. Under the assumption of both the Lindelof Hypothesis and the ¢-torsion conjec- 


ture, we have 


Ne6(Q, Ag; X) — Cx'/2 < XAte 


2.2. SURVEY OF KNOWN RESULTS 


We go over some of the major results in the area of counting number fields. There 
are three main techniques to count number fields. The first technique is to use some 
information about group actions on an underlying vector space. These methods are 
not easy to generalize and have only been shown to exist for number fields with degree 
at most 5. 

The second method is to bound the number of possible minimal polynomials that 
have roots in a certain lattice. This method is quite general and is only applicable 
for attaining upper bounds. 

The last method revolves around decomposing an extension into two extensions 
and using information about the smaller extension to say something about the larger 
extension. We will discuss all three methods in this section. 

First we survey the beginnings of explorations in this area, and in particular 
the contributions of Gauss. Gauss studied SL2(Z) actions on quadratic forms and 


introduced the notion of equivalent quadratic forms. Gauss defined two forms g(z, y) 


11 


A B 
and g(x,y) as equivalent if there exists a matrix € SL2(Z) such that 
C D 


A B 
f(x,y) ° = f(Ax+ By, Cx + Dy) = g(x,y). 
CD 


The discriminant of this form is d(f) = b?—4ac. The group action of SL2(Z) preserves 
the discriminant of the form. In fact, Gauss essentially proved that the set of SL2(Z)- 
orbits on integral binary quadratic forms having a fixed discriminant D form a finite 
abelian group under the operation of composition that he defined. We call this group 
Cle(vpy: The size of this group is the class number for discriminant D. Gauss went 


on to make related conjectures such as: 


1. We have 


T 43/2 
d [Clayayl ~ 7X". (2.2.1) 
—-X<D<0 


2. The number of negative discriminants D such that |Clgyp)| is equal to any 


fixed integer is finite. 
3. There are infinitely many positive integers D such that [Clg VD) | =A. 


The first part of the conjecture is a result of Mertens (1941). Landau (1918) 
proved, under the generalized Riemann hypothesis, that if D is a negative quadratic 
discriminant then as D + —oo, |Cl gy VD) | — oo. Hecke proved that if the generalized 
Riemann hypothesis does not hold, then if D is a negative quadratic discriminant 
as D + —ov, |Cla,yvp)| + 00. Hecke’s result was published in H. Heilbronn (1934) 
where Landau cites that the proof is from a lecture of Hecke. Their results together 
imply the second conjecture. The third conjecture is still not known. 

Gauss formulated these conjectures before class groups were studied and defined 
as they are today. Before discussing further progress it is important to note what the 


current notion of the class group is. The modern definition is as follows: 
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Definition 2.2.1. The class group Cl of a number field F'/Q is the quotient group 
Jr/Pr where Jp is the group of fractional ideals of F' and Pp is the group of principal 
ideals of F’. 


These conjectures for class groups of quadratic forms often lend themselves to 
analogous conjectures about discriminants on various other forms. However the fact 
that SL2(Z) has a group action on binary quadratic forms is not easily generalized. 
One extension is by Levi (1914). This extension shows a a bijection between discrim- 
inant preserving GL2(Z) action on ternary quadratic forms and isomorphism classes 
of cubic rings. This is known as the Delone-Fadeev correspondence as it was also 
presented in the work of Delone and Faddeev (1940). To describe it, we first establish 


some notation. Let V(Z) be the set of integral binary cubic forms 


V(Z) := {f (a, y) = ax* + br®y + cay? + dy® : a,b, c,d € Z} 
with the discriminant of such a form given by 


d(f) = ?c? — 4ac® — 4b°d — 27a7d? + 18abcd. 


The action can be described as follows, a matrix y € GLo(Z) acts on a form f(z, y) 
by 


yo f(x,y) = agile y)y): 


Two forms f(x,y) and g(x,y) are equivalent if there exists y € GL(Z) such that 
f =yog. A cubic form f(x,y) is said to be irreducible if it is irreducible as a 
polynomial over Q. An order is a ring of finite rank over Z that is also an integral 


domain. 


Theorem 2.2.2. There is a natural, discriminant-preserving bijection between the set 
of GL2(Z)-orbits on V(Z) and the set of isomorphism classes of cubic rings. Under 


this correspondence, irreducible cubic forms correspond to orders in cubic fields, and 
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if a cubic form f corresponds to a cubic ring R, then Stabgr,(z)(f) 1s isomorphic to 


Aut(R). 


Once this was established, Davenport and Heilbronn discovered the following max- 


imality condition. 


Theorem 2.2.3. Under the correspondence in Theorem 2.2.2, a cubic ring R is 
maximal if any only if its corresponding cubic form f belongs to the set U, C V(Z) 


for all p, defined by the following equivalent conditions: 
e The ring R is not contained in any other cubic ring with index divisible by p. 


e The cubic form f is not a multiple of p, and there is no GL2(Z)-transformation 


of f(x,y) = ax? + br? y + cry? + dy? such that a is a multiple of p? and b is a 


multiple of p. 
Using this, Davenport and Heilbronn were able to show: 


Theorem 2.2.4. Denote by N3(Q, (A, B]) the number of cubic extensions F'/Q such 
that the discriminant dpjg of the extension lies in the interval (A, B|. Then we have 


the following 


N3(Q; (0, X]) ~ Dea) 
1 
N3(Q; [—X, 0)) ~r@ 
4 

Y [ava sll=3 TX 1+0(X), 

0<D<X 0<D<X 
[Clava [3]] =2 Sd) 14+0(X). 

—X<D<0 -X<D<0 


where D varies over discriminants of quadratic extensions. 


These error terms have since been improved multiple times, by Belabas, Bhargava, 
and Pomerance (2010), Bhargava, Shankar, and Tsimerman (2013), and Taniguchi 


and Thorne (2013) and the present record error term is in an unpublished result by 
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Bhargava, Taniguchi and Thorne. Davenport and Heilbronn’s idea for the proof was 
to count lattice points in a fundamental domain for the action of GL2(Z), bounded 
by the constraint |d(f)| < X. 

Bhargava used a certain parametrization of quartic and quintic rings to obtain 


more such results by discovering other group actions on other lattices. 


Theorem 2.2.5 (Bhargava). e The average size of the 2-torsion subgroup in the 


class group of cubic fields having positive discriminants is 5/4. 


e The average size of the 2-torsion subgroup in the class group of cubic fields 


having negative discriminants is 3/2. 


e 82% of the number of quartic fields with discriminant at most X have Galois 
group S4 and 100% of quintic number fields with discriminant at most X have 


Galois group S;. Moreover, we have 


Na(Q, S4, X) ~2 II (1 +p? a ‘oe -p*‘) xX + o(X) 


Pp 


Ns(Q,X) w= (1+ p?-p-*—p*) X + o(X) 


Pp 

The proofs involve understanding properties of higher composition laws. These 
methods do not easily extend to instances of higher degrees. The other extensions 
that contribute non zero density to quartic extensions have Galois group D4. Cohen, 


Diaz y Diaz, and Olivier (2002a) attained an asymptotic expression 
N,4(Q, Dy; Xx) ~ CX 


where c = .052326.... These results imply that Linnik’s conjecture (Conjecture 2.0.1) 
holds for d < 5 with k = Q. The order of magnitude for No(k; X) and N3(k; X) for 


general k were obtained by Datskovsky and Wright (1988). They showed 


No(k; X) = OLX + 0(X) N3(k; X) = CO,X + o({X). 
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For arbitrary k, Bhargava, Shankar, and Wang (2015) compute explicit constants cq 
for Na(k, Sa; X) = caX + 0(X) for d= 4 and 5. 
The first general upper bound result towards the counting number fields problem 


for all degrees was established by Schmidt (1995). He was able to show: 
Theorem 2.2.6. For all n > 2 and all base fields k, 
NAB Xe OE, 


The approach of Schmidt can be summarized as follows. Let K/k be a degree 
n extension. First construct a lattice attached to the ring of integers Ox and use 
Minkowski’s lattice theorem to find an element a with small Euclidean norm com- 
pared to the degree of the number field. Using this, we can bound the size of the 
coefficients of terms in the minimal polynomial on @ and therefore bound the number 
of possible minimal polynomials. This technique was then modified by Ellenberg and 
Venkatesh allowing them to show their result which improves on the result of Schmidt. 
Ellenberg and Venkatesh (2006) establish upper bounds for all d > 3, precisely, they 


show for a positive constant C, 
Na(k; X) < Kee log d)_ 


This technique was further streamlined by Couveignes (2019). He was able to show 


that there exists a positive constant C, such that for all n > C}, 
N,(Q, X) = nCinlog?(n) yC1 log?(n)_ 


In the same work mentioned above, Ellenberg and Venkatesh establish that for any 


Galois extension with Galois group G with |G| > 4 and base field k, 


Nig (k, G; X) Kk,Gye eats 


The proof of this result is quite similar to the proof presented here to bound Nig\(k, G; X) 


for G € F,. Their strategy is to use induction on the size of |G|, and we briefly sketch 
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their approach here. Let F' be a minimal normal subgroup of G such that 
00> F >G> H+ 0. 


This implies that F' is a direct sum of copies of a simple group (Robinson (2012) in 
(3.3.15) ). Let M = Fix(F’)) be the fixed field of F’, and now we break the argument 
into two cases, the first is when F’ is abelian, the second when F is not abelian. When 


F is abelian, F = (Z/pZ)". Then they use the following equation 
Nahe 5 L 


M/k N/M 
Ne /o(dat/n)<X VP" [N:M]=p", Gal(N/k)=G - 
Gal(M/k)=H = Nurjo(4njm)SXNb/o(d/n) ? 


They bound the number of F’ extensions of M such that Nizje(dnyar) = Y by oe: 
They do so by noting that the number of F' extensions of M ramified such that 
Nuyo(dnjm) = Y is bounded above by |Hom(Gy(M), F)| where Gy(M) is the Ga- 
lois group of the maximal extension of M unramified away from primes dividing Y. 
They bound |Hom(Gy(), F’)| by bounding the size of the kernel and image of a 
homomorphism to ® py) Hom(J,, F’) where p is a prime in Oy and J, is the iner- 
tia group. They use (is Wamiensiogel theorem to bound to rth power of the class 
group. They then use ramification information from the fact that the extension is 
Galois. Using this idea and then inducting on Nj”\(k, H; X) gives the statement of 
the theorem in the case that F’ is abelian. In the case that F’ is not abelian, they use 
the bound of Schmidt to count the number of F’ extensions of / and proceed in a 
similar manner. 

Before Bhargava established the size of N4(k,S4;X), Baily (1980) published a 
work that established upper and lower bounds for N4(k,G; X) for all possible groups 


G. He established 
X &Ni(Q, S4;X) « x8 


X™? <N,(Q, As; X) K XMS 


His main obstruction for establishing better upper bounds was the two rank of the 


class group of a cubic field, something that Bhargava addressed in his work. One of 


Le 


the key tools Baily used in studying N4(Q, $4; X) and N4(Q, Aq; X) was the work of 
Hilbert (1898) that connected the discriminant of the quartic extensions K’/Q to the 
discriminant of the cubic extension M/Q and the quadratic extension N/M of the 


cubic extension. Precisely, he used 


dn,/Q = 4u/odx/a. 


He also established non trivial ramification information. Precisely, he established 
that if a prime p is unramified in M/Q and p ramifies in the sextic extension, then 
p?|Njo(dn, a). He also established that dxjq < 2°dyyjg. Cohen and Thorne (2016b) 
make the relation between the quartic and the sextic extensions of A, and S¥ precise. 
We will talk about their result in more depth in Chapter 4. We will use these tools 
to establish the asymptotic for Ng(Q, Aa; X). 

Kliiners was the first to explicitly study a Frobenius group, G = D, where @ is 
an odd prime. We generalize his technique to all groups in F. Kliiners showed the 
following 


Ni(k, De; X) K XT Nok, De; X) & XB, (2.2.2) 


Under the assumption of an implication of a conjecture of Cohen and Lenstra, he was 
able to show Malle’s predicted bounds. Precisely, he assumed that 
d. IClavayl4l = O(X) 
|DISx 
where D varies over fundamental discriminants. His method implied that the only 
obstruction that there is to showing Malle’s weak conjecture (see Example 2.1.3 for 
what is expected) is that we do not have the necessary information about the ¢- 
torsion of the class group of quadratic number fields. His method can be summarized 
as follows: First use a non trivial discriminant relation. In particular with G, F' and 


HT as in Diagram 2.1.3 where Dy = Cy = Cp = F x H, we have 
a 1/2 
dicjx = Ani, N yx (dnjar)"”?. 
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Under this notation, 


Ne(k, De; X) = S- S- 1. 
M/k N/M,[N:M]=¢ 
Njo(durse)<X?7/E-)— Gal(N/k)=De, Gal(N/M)=Ce 
Gal(M/k)=C2 Nurjo(4njm)SX?7Ni jo (dure) OY 


Using class field theory and some ramification information he computes the inner 
sum in terms of the ¢-torsion of the class group of M. He counts the number of 
M/k using the work of Wright (1989). After this work was established, the upper 
bounds for No(k, De; X) when k = Q have been improved multiple times. First 
Cohen and Thorne (2016c) improved N;(Q, Dz; X) and their methods also imply an 
improvement in No(Q, Deg; X). This result was further improved upon by Frei and 
Widmer (2018b). Both these works use improved results on the average size of the 
¢-torsion of the class group. Frei and Widmer establish upper bounds for the average 
size of the ¢-torsion in class groups for any ¢ for extensions with small degree over Q. 
Using their results on the size of the ¢-torsion of quadratic extensions, the method in 
this paper establishes the same result. They show that 


2 


Ne(Q, De, X) K XET UHM Nyy (Q, De X) K XB OME, (2.2.3) 


The work of Frei and Widmer (Theorem 6.2.1) also implies an improvement in the 
upper bounds for Nin(k, Dm; X) and Nom(k, Dm; X) for odd m, which we make precise 
here. As one might suspect, the obstacle from reaching Malle’s conjectured upper 
bounds is that we do not have the necessary information about the torsion of the 
class groups of quadratic extensions. At the same time as Frei and Widmer (2018b) 
was being worked on Pierce, Turnage-Butterbaugh, and Wood (2017) establish non- 
trivial upper bounds for the size of the ¢-torsion of the class group for almost all Galois 
extensions //Q with a wide range of possible Galois groups. Their results stem from 
finding improved zero free regions in most Dedekind zeta functions of specified type. 


For the Frobenius group Cs * C4, Bhargava, Cojocaru and Thorne show 


N5(Q, Cs 4 C4; X) «K X39/4te (2.2.4) 
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which is a tighter upper bound then the one we establish here. The expected bound 
upper bound is Ns(k,Cs * C4; X) < X1/?tepsilon and the restriction we have from 
reaching there is lack of information about the 5 torsion of degree 4 extensions. 

At the same time as this work was being done, Alberts (2018) independently 
established upper bounds for Na(k,G; X) in the case that G is a solvable group. The 
set of solvable groups is a subset of the groups in F;. Upper bounds for Nig\(k, G; X) 
for solvable groups that we are able to show in this paper are as tight. For Frobenius 
groups G € F, upper bounds for Njpj(k,G;X) when F is not cyclic are tighter in 
this work than they are in Alberts (2018). When F is cyclic and G € F, the bounds 
in both works are the same. Alberts’ method may be used to count number fields 
ordered by an invariant other than the discriminant, such as the conductor. Alberts 
is also able to obtain upper bounds for Nz(k,G;X) for all d 4 |G|. His work also 
establishes Malle’s conjecture for solvable groups G under the assumption of the ¢- 
torsion conjecture. The method used here is different from the method in the paper of 
Alberts as it focuses on using a Brauer relation to count Frobenius extensions, whereas 
the work of Alberts involves studying the structure of central series of groups. 

At this time, Alberts is working on another work (Alberts (2019)) that computes 
lower bounds for Na(k,G;X) for G € F,. His work largely focuses on trying to 


reformulate a stronger form of Malle’s conjecture. 


20 


CHAPTER 3 


BACKGROUND 


This chapter covers background material; it is divided into two sections. The first 
section covers some basic algebraic number theory, in particular, material about ram- 
ification of primes. The second section covers areas in complex analysis and analytic 


number theory. 


3.1 RAMIFICATION OF PRIMES 


In this section we review the study of how primes ramify in field extensions. Denote 
the ring of integers in the number field K is indicated as Ox and the Galois group 
of the closure of K/Q by G. Leta: K > © vary over the different Q embeddings of 


K into 0. Then the norm of an element a € Ox, is 


Nx/o(@) = [[ (a). 


Similarly, the trace of an element a € K is defined as 


Trx/o(@) = ys; a(a). 


Since the norm is a completely multiplicative function, we have that if a prime fac- 


torization of the ideal a is . 
(o) = TI" 
then . 
Nala) = TINipa(0)" 


pal 


where each p; is a prime ideal in Ox. The norm of any prime ideal p is always the 
power of a prime p € Z. We can be more precise if we know the image of p in Ox. 
In particular, if 

ll p;' = POK 

i=1 
then N(p;) = p/, where f; is known as the inertia degree. The e; here are known 
as the ramification degrees. To capture this information succinctly we say that the 
ramification type of p in K is (f{'fS”... f§*). A prime is said to be unramified in the 
extension K/Q if and only if all of the e; = 1. A prime p is said to be tamely ramified 
in K/Q if and only if ged(e;, p) = 1 for all 7. If a prime is not tamely ramified, it is 
said to be wildly ramified. Depending on whether or not the extension is a Galois 
extension, we can gather further information about what the ramification and the 


inertia degrees can be. For any extension K’/Q, we know that 
g 
Sef = [i : Q). 
i=1 


If the extension is a Galois extension with Galois group G then we have that all the 
ramification degrees are the same, e and all the inertia degrees are the same, f and 


hence, 
efg = |Gl. 
In a tower of extensions, the ramification and inertia degrees are multiplicative. More 


precisely, let L/K/Q be a tower of extensions then have 


g(K) . g(L/K) be 
pOx« = [I pi pOr= [I Pi 
i=l j=l 


with inertia degrees f; and f;,, respectively. If L/Q is a Galois extension, then all the 
fj; and e;; are equal to each other. In this case the inertia degree of p in O; would 
be f; x fj for any pair 7,7. Using this information we know that a prime will be 
wildly ramified in an extension if and only if the prime divides the size of the Galois 


group and the discriminant of the extension. Hence the number of wildly ramified 


Ze 


primes for any extension with Galois group G is w(|G|) where w(n) is the number of 
prime divisors of n. 

Let AK be a number field over k. Let {o;}7_, be the set of embeddings of Kk into C 
which are the identity on k. If {b;}"_, is any basis of K over k, let M = (0;(0;))Pj=1 
be a square matrix, let d(b,...,dn) = det(M)?. Then dx), is defined as the ideal 
generated by d(bi,...,b,) as {b;} varies over all bases of K over k such such that 
the elements of the basis are contained in Ox. In particular, dx/, € Ox. We define 


Dedekind’s complementary module of the inverse different ideal as 
o ={2 eK: Tr(xOx) C Oj}. 


The inverse of this fractional ideal is known as the different ideal 0x/;. The different 
ideal lies in Ox and N/x(0K/~) = Ax/x. From Neukirch (2013) Chapter 3, section 2, 


we have that in a tower of extensions, K’/k/Q, 
0K/Q = OK/kOK/Q- 


This in particular implies the discriminant relation dxjg = dig Nujoldxyn): Using 


this and Theorem 2.6 of Neukirch (2013) chapter 3, we have that 


Theorem 3.1.1. A prime ideal p of K is ramified over k if and only if p[0K/x- 
Let % (KK) be the exact power of p that divides the different ideal. Let e be the 
ramification index of p over p. Then %(0K/~) =e —1 when p is tamely ramified, and 


€ <p~(VKjn) He) +e—1 when p ts wildly ramified. 
We see what this implies when the base field is Q. For an arbitrary extension 


k/Q, and prime p € Z we have if p has splitting type (f{',... 57) that 


Up(N (dkja)) = 0 p is unramified in O;, 
(3.1.1) 


V,(N (de/o)) = X94 files — 1) p is tamely ramified in O,. 
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Finally, if p is wildly ramified in the extension as 
g(k) 


pO; = II pi 


i=1 


then 
Sef < v,(N (de/a)) a2 ikG— 1): 26 p= Lb (Oe) Ti 


a 
ples phe: ples 


Here %p,(e;Ox) = 8 where pa = (e;) where (e;) is the ideal generated by e; in Og. 


3.2 COMPLEX ANALYSIS AND ANALYTIC NUMBER THEORY 


In this section we review some facts from complex analysis and analytic number 
theory. We review the Phragmén Lindel6of principle, basic facts about Dedekind 
zeta functions, Perron’s formula and Abel summation or partial summation. The 
Phragmén Lindelof principle is an extension of the maximum modulus theorem. We 


recall what the maximum modulus principle is. 


Theorem 3.2.1 (Maximum modulus principle). Let D be a connected closed and 
bounded set of the complex plane and let f(s) be bounded and holomorphic for all 
sé€D. Ifh € D is such that |f(h)| > |f(s)| for any s in D, then h is located on the 
boundary of D. 


The Phragmén Lindel6f principle is a technique that enables us to extend the 
spirit of the maximum modulus principle to unbounded sets in the complex plane. 
We are interested in this to be able to find an upper bound to the zeta function in 
the critical strip. Detailed applications and extensions of this can be found in the 


work of Rademacher (1958). 


Theorem 3.2.2. (Phragmén Lindeléf Principle) 
Let f(s) be holomorphic on an open neighborhood of the stripa <a <b, for some 


real numbers a <b, such that |f(s)| < exp(|s|4) for some A >0. Assume that 


|f(a + it)| < Ma(L+lt))® [f(b + 4t)| < My(1 + El)? 
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for allt € R and some fixed a, 0 € R. Then we have 


lf(o + a8) << MOM, AN(1 + [a] AOA) 
for all s in the strip where @ is the linear function such that (a) = 1 and €(b) = 0. 


Proof. The proof may be split into showing the result in the upper half plane, showing 
the result in the lower half plane and in the middle. Precisely, fix a constant to > 2. 
Then we have that f(s) is bounded in the bounded region of the strip with |t] < to. 
Using this, we prove the result in the upper half place. Showing the result in the 
lower half plane is done in the same manner. 

Assume that a <o <bandt > to. Let F(s) = F(o + it) = (1/7) f(s)\(M0 + 
5)*) 50 (M,(1 + s)®)@6, Without loss of generality, we may assume that a = 0 and 
b = 1, we can do this by showing the result for g(s) where g(s) = F((s —a)/(b—a)). 
This implies that |F(it)| < 1 and |F(1 + it)| < 1 hold. Now for s with real part 
between 0 and 1, let F,(s) = F(s)e*'*'*/”, then F,,(s) tends to 0, as |s| > 00, for 
any n € N and satisfies F;,(s) < 1 on the boundary of the strip. To elaborate on the 
above let m = 4[ A] — 2, hence m > A is a non zero even integer that is 2 modulo 4. 


As |t| + co we have 
m-1 m 
(o + it)” = (it)"+ (") Gita” *¥= =" +00). 
k=0 


Hence as |t| gets bigger, —t” — —oo. Consequently, for large |t|, |f(s)| < elé!* 


implying that |F(s)| < ell* hence 
|F,(s)| < eltl4—t™/ntO(emt) 


By applying the maximum modulus principle to F;,(s) we see that |F,(s)| < 1 
everywhere in the upper half of the strip. By noting that lim,,.. F,(s) = F(s), we 


may say the same about Fs). This implies the stated result in the upper half plane. 
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The above is a critical tool that allows us to integrate zeta functions in the critical 
strip. We briefly recall some properties about Dedekind zeta functions. All the proofs 
for these facts may be found in Neukirch (2013), Chapter 7. Given a number field 
k/Q, we define ¢,/9(s) = ¢e(s), the Dedekind zeta function of k/Q as 

Cuo(s) = 2) Nejo(a)* 
acO;, 
for s with real part strictly bigger than 1. Using information from the previous 
section, we can rewrite this as an Euler product, 
g(p) aa 
Cxjo(s) = I I (1 — pfs) (3.2.1) 


e1(p) €g( ) (p) 
- Pgip) 


where pO; = p; . For instance, if the extension was Galois with Galois 


group C, where q is a prime number, then we have 
G(s)= [J G@-p*)* J] G-p®)* Cee ee ae 
pO;,=(12) pOn=(q) pOx=(1..-1) 
Dedekind zeta functions have a simple pole at s = 1. If k/Q is a degree d extension 
with r; real embeddings and rz complex embeddings, then ¢;,(s) satisfies the following 


functional equation 


7 r (44) rit+r2 Tr (1 _ s) r2 
Ci.(s) _ e(k)|dy pe 8 ,d(s—1/2) : (ae (1 x s) (3.2.2) 
’ r (3) r (4) 


where e(k) is a constant that depends on k and |e(k)| = 1. For large values of t, 


the Phragmén Lindeléf Principle implies |¢;,(1 + it)| « t®. In fact Granville and 
Soundararajan (2005) show that |¢(1+7t)| < (log(t))?/° for an explicit constant, and 
under the Riemann Hypothesis, |¢(1+7t)| < e7(log log(t)+log log log(t)+O(1)). Using 
the functional equation, we see that |¢,(0 + it)| < (|dxolt?)'/?**. The Phragmén 


Lindelof Principle can be used to show that for large values of t and o € (0, 1) 


JGu(o + it)| K (|dxyat4|)O-/. (3.2.3) 
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This is known as the convexity bound. Anything better than this is known as a 
subconvexity bound. It is useful because it gives an upper bound for the zeta function 
not only in terms of the imaginary part of s, but also in terms of the discriminant 
of the number field. Heath-Brown (1978) (Theorem 1 and Theorem 2) established 
sub-convexity estimates for Dirichlet L functions in the critical strip. This implies 
improvements in upper bounds for convexity estimates for the Dedekind zeta functions 
¢u(s) such that M/Q is an abelian cyclic extension. Precisely, when |M : Q] = d, he 
established 


IGa(1/2 + it)| K [daayq |?" |e ICn(1/2 + it)| < [daapql FUE". 
(3.2.4) 
In general, we expect zeta functions to be quite small in the critical strip with 
real part greater than 1/2. One of the biggest unsolved problems in analytic number 


theory is the Lindelof Hypothesis. 


Conjecture 3.2.3 (Lindelof Hypothesis). For any positive value of € 


(5 +i) | = 0 ((laal (I +) 


Another important piece of information about zeta functions is their residue at 
s = 1. Let R denote a quantity known as the regulator of ¢,(s). Let the number of 


roots of unity in k be w, then 
antag Ch. |R 


res.—1(¢(s)) wy/|deo| 
k/Q 


(3.2.5) 


This is known as the class number formula Neukirch (2013) (Chapter 7 Section 5 
after Corollary 5.11). The residue of the zeta function will come into play when we 
are integrating the zeta function whilst using Perron’s formula. We now state what 


exactly this is. Let 


such that g(s) is uniformly convergent for in the domain with real part of s greater 
than a. Then for c > a, we have 

S> a(n) = = [o> o(s)~as. 

n<X 
Integrating on this contour will play an important role for us later on, and we briefly 
describe how to break the contour up first. If g(s) = ¢,(s), we have c > 1, we set 
6 > 0 and let c= 1+ 0. We let a,T be positive real numbers such that 0 < a < 1 
and 1000 < 7. Let C denote the rectangular anti-clockwise contour that connects 
the points c—7i7,c+71T,a+iT,a—iT, then by the residue theorem 
[ Cs as =27ires,—1 (<e(s) =) - L Crs ds + [ Gols) 


This implies that 


c+ioo X5 Xé c-iT Xs a—iT X5 
/ C.(s)——ds =27ires,—1 eo + i. (.(s)——ds + ¢.(s) —ds 


—ioo c-iT s 
mre c+iT Xs ctioo XxX? 
FA ba, s)~-ds + / G,(8) ds + | C,(s) ds. 
atiT Ss cHiT Ss 
(3.2.6) 


We represent the contours above in the diagram below. 


! 
a+iT |1+6+6F 
! 0 

: 7 : (3.2.7) 
a—iT i}1+6— iT 
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Another tool we need for establishing upper bounds for partial sums of a Dirichlet 


series is stated below. 


Lemma 3.2.4. Let 


G(s)=)0 neo II (1 ea sean? aoe cup “*) (3.2.8) 
n p 


with all the a; € Rso. Let 7 € N be the smallest natural number such that a; 4 0. 


Then, we have 


Saye (3.2.9) 


n<xX 


where the implied constant depends on € and the a;. 


Proof. Let s = 0 + it where o and t are real numbers. For a > 1 we have 


G(s) ir 14 Ci OH 1 i ea YD | 
¢% (js) © pis © pG+ls - "pfs pis Qprss tenn 


P 


= TI (1+ O(p- oy). 


Thus, G(s)¢~°i(js) converges absolutely for all s with o > 1/(j +1). This implies 


that we can write 
G(s) = ¢% (js) x (G(s)C-™ (7s) 


as a product of two functions, one with a pole at s = 1/7 and the other that converges 


for all R(s) > 1/(j7 + 1). From the work of Chambert-Loir and Tschinkel (2001) 


(Theorem A.1) we have the following Tauberian theorem. 


Theorem 3.2.5. Let {\,,} be an increasing sequence of strictly positive real numbers 
and {ay} be a sequence of non-negative real numbers. Set f(s) = S324 anrA,° and 
F(X) = ),<xdn. Let s =a + it. Assume that f(s) converges in the right half 
planeo > a> 0 and that for some 69 > 0, f(s) has a meromorphic continuation 
in the right half plane where a > a — 09 > 0 with only a pole of order b at s = a. 
Furthermore suppose that there exists some k > 0 such that fora > a-— 6p, 


(s— a)? 


Koes 


= O((1 + |é)"). 
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Set A = lim,_,, f(s)(s — a)’ > 0. Then there exists a monic polynomial P of degree 
b—1 such that, 


S jX"P(log(X)) + of X") (3.2.10) 


Pe eT 


This, together with the Phragmén Lindelof principle implies 17,<. an < X Vite. 


Another important tool that we will use repeatedly to evaluate series is partial 
summation or Abel summation, which can be found in any introductory text such as 


in the Appendix of Montgomery and Vaughan (2007). 


Proposition 3.2.6. (Abel Summation) Let f and g be functions with f : (NN 
[1,.X]) — C and let g be a differentiable function on (1, X]. Let My(X) := Sonex f(n). 


Then we have 


S fln)g(n) = MyX)9(X) — [ Mylo’ (3.2.11) 


nox 
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CHAPTER 4 
COUNTING SEXTIC EXTENSIONS WITH GALOIS GROUP 


A, 


In this chapter we establish an asymptotic expression for the number of sextic fields 
of Q with Galois group A, and discriminant bounded above by X. In particular, we 
prove Theorem 2.1.10 in this chapter. In this section, we set up notation and discuss 
the tools that are used to prove the result. In Section 4.1 we set up the notation and 
indicate what the main tools are to prove Theorem 2.1.10. In section 4.2 we go over 


the details, in particular the contour integrals. 


Notation 4.0.1. Throughout this chapter we will fix the name of field extensions as 


given in the diagram below. 


N 
a 2] we (4.0.1) 


Here, N/Q is a Galois extension with Galois group Ay. M is the unique cubic 
subfield of N/Q. M/Q is a Galois extension with Galois group C3. There are 4 
isomorphic quartic extensions which we represent by just one A’/Q. The three sextic 


fields Ni, No and N3 are isomorphic to each other and from now on we only refer to 


dl 


N,/Q as the sextic extension. M//Q is referred to as the cubic resolvent of K/Q. All 


of this material can be found in the introduction of Cohen and Thorne (2016a). 


We use Notation 4.0.1 throughout this chapter. Now we set up an equation to 


count N6(Q, Au; X). We use the discriminant relation 


dy,/Q = dig gNujo(dm/m) (4.0.2) 
to set up the desired equation 


Ne(Q,445,X)= aS 1. 


M/Q Ni /M 
N (dujo)<X1/? [Ny:M]=2 (4.0.3) 
Gal(M/Q)=C3 Gal(Ni/Q)=A4 


Nuo(dn, /m)<XN (due)? 
The outer sum can be computed using partial summation and the works of Cohn 


(1954) and Cohen, Diaz y Diaz, and Olivier (2002b) that imply 
N3(Q, C3; X) = .X1? + O(X1F+¢) (4.0.4) 


for an explicit constant c;. Now we focus on computing the inner sum of (4.0.3). To 


do so we gather and state the following information. 


1. A correspondence between the quartic extensions A’/Q and the quadratic ex- 


tensions N;/M as first indicated by Baily (1980). 


2. Establish a discriminant relation between the K/Q, M/Q and N,/M as stated 
by Baily (1980). 


3. Make use of an expression established by Cohen and Thorne (2016b) that counts 
the number of quartic extensions K/Q ordered by discriminant with a fixed 


cubic resolvent M/Q. 


The correspondence between the quartic extensions and the quadratic extensions 


of the cubic resolvent can be set up as follows: 
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Definition 4.0.2. We will say that an element a € M* \ (M*)? has square norm 
if Nizjo(@) is a square in Q*. We say that a quadratic extension N,/M has trivial 


norm if N; = M(./a) where a € M* has square norm. 


Theorem 4.0.3 (Cohen and Thorne (2016a)). Let M, K, Ni, No, N3 and N be as 
in diagram (4.0.1) above. There is a correspondence between isomorphism classes of 
A, quartic fields K/Q, and pairs (M,N;,), with i © {1,2,3}, where M is the cubic 
resolvent field of K, and N, = M(,/a) is a quadratic extension of trivial norm. 
Similarly, No/M and N3/M are quadratic extensions of a root of a or either of its 
non-trivial conjugates. Under this correspondence any one of the N; yield the same 


K up to tsomorphism. 


The relation above is useful thanks to a result of Heilbronn (1971) who observed 


that the fields AK, M and N, share the following discriminant relation 


dk jo = durjoNujo(dm mu). (4.0.5) 


Now we state a result from Cohen and Thorne (2016b) who establish an expression 
that counts quartic fields K/Q ordered by discriminant with a fixed cubic resolvent. 
For each fixed M/Q, we define G(/) to be the set of all Ay quartic fields K/Q that 
have cubic resolvent isomorphic to M/Q. Precisely, they establish an exact expression 


for 


1 1 
f(M, s) =st 
3 Kegan Nujel(dn.ju)*? 


(4.0.6) 


where N,/Q is the sextic extension that corresponds to K/Q. We make use of this 


by denoting f(M,s) =: >, fiv(n)n~ and restating equation (4.0.3) as 


No(Q, Aa; X) = > ys fur(n). 
M/Q n<XV2|dypo|71 (4.0.7) 
ldagjol<X\/? 
Gal(M/Q)=C3 


Finding an asymptotic expression for )°,< fi(n) will be the subject of Section 4.1, 


first we state the expression for f(M/,s). In order to do so, we set up notation. 
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Let £(M) Cc G(M) denote the set of quartic extensions K’/Q with cubic resolvent 
M/Q with the additional restriction that K/Q is totally real when M/Q is totally 
real. We define £L(M) as 


L(M) — {Kk :KeE L(M) and ldx/ol = |das/ol}- (4.0.8) 
With the ramification notation established Section 3.1, we have the following result. 


Theorem 4.0.4. [Cohen and Thorne, Prop 6.4 and Thm 1.4] We have 


flat, 3) = AM = Enis) TE (143) 


i i pO y=(111) Bp 
3 i} 4.0.9 
+ S> Mox(s) IT] (1+3) I] (1- =] oe) 
KeEL(M) pOy=(111) D pO y=(111) Pp 
pO«=(1111) pO K =(22) 
p#2 p#2 


where M,(s) and My x(s) depend on how the prime 2 ramifies in M and in K re- 


spectively. To elaborate: 


M split | K split | M,(s) M2 x(s) 

(3) (31) | 143/238 143/238 

(111) | (1111) | 1+3/2?° + 4/25 + 2/248 | 14.3/2° + 6/23° + 6/248 
(111) | (22) =| 1+3/2° +. 4/235 + 2/24 | 14.3/22° — 2/235 — 2/248 
(13) (131) | 14+1/2° +2/23 1+ 1/28 +2/2°8 


We also have from Proposition 6.4 of Cohen and Thorne (2016b), 


|Cly[2]| — 1 


5 (4.0.10) 


|£(M)| = 


Note that Proposition 6.4 from Cohen and Thorne (2016b) follows from the work 
of Heilbronn (1971). 


4.1 COMPUTING THE MAIN TERM AND THE ERROR TERMS FOR N¢(Q, Ay; X) 


We use the same notation as established in the previous section. We now focus 


on obtaining an expression for <x fu(n), where >, fir(n)/n® is as defined in 
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equation (4.0.9). From the definition of f(//,s) we see that there are two main parts 


that contribute to >, fiz(n)/n*®. We examine the two parts separately and set up 


notation to do so. 


F(M, s) =fi(M, s) a ss fo(M, K,s) 


KeL(M) 


fi(M, s) => Fatt) = 1 u(s) II ( + > 


pO m=p1p2p3 P 


n 3 1 
fo(M, Ks) = KO) = Mo (s) TT ( - >) IT ( ‘ *) 
n i pO m=P1P2P3 P pO m=P1p2ps3 2 
pOK=Pip2psPpa pOK=pipe2 
p#2 p#2 
(4.1.1) 
Using the above with equation (4.0.7) implies 
Ne(Q,445,X)= DY » fu,i(m) 
M/Q n<X1/2\dagjg|—! 
Idasjol<X1/? 
i a (4.1.2) 


De se >> fx(n). 


M/Q KEL(M) n<X1/2\dygjq\—! 
Idagjal<X1/? 
Gal(M/Q)=C3 


Now we focus on computing ,<x fi(n). From the definition, f\(W,s) is similar 


to Ci(s), hence we break it into a product of two Dirichlet series as 


fi(M, s) 


fi(M, s) = Cu (s) x Cru(s) & 


The corresponding partial sums are: 


nix nsx m<X/n 

oe ult) := Cu(s), (4.1.3) 
gu(n) — filM,s) 

2» n>" €u(s) * 


Now by multiplying Euler products or using equation (3.2.1) 


ye ary(s) Il (1-5 | 4 Il (1-5). (4.1.4) 


n pO m=p1p2p3 
p#2 


39 


The function rj;(s) is the contribution from the ramified primes and the prime 2. 


Note that since the number of primes that ramify is at most O(w(Mizjo(dn,/m))); 


the contribution of ry(s) to Y,<x gmu(n) is at most X*. By Lemma 3.2.4 we have 


that Vr<xgu(n) < X'/2+¢ where the constant does not depend on M. We now 


focus on evaluating <x hu(n). 


Using Perron’s formula, as in equation (3.2.6), 


we integrate Cy(s)X°s~! over the five contours C), C2, C3, Cy and Cs. Recall the 


contours are the straight lines that connect the following set of points: 


Contour | Start point | End Point 
Ci 1+6-—too | 1+6-iT 
C2 14+6-iT |a—-iT 
C3 a—1iT atil 
C4 a+iT 1 ) iT 
Cs 14+6+4+7T | 1+6+i00 


Table 4.1: Table of Contours 


This is succinctly represented in Diagram (3.2.7). Here a is a constant in the 


interval (0,1). In the next section we will show the following. 


Proposition 4.1.1. Let >, hy(n)n-* = Cy(s). For any arbitrarily small positive 


constants € and 6 withe > 6 > 0, anda € (0,0.5), we have 


bs hu(n) = ress=1¢6u(s)X +O 


nox 


S- hu(n) = ress=1¢u(s)X + O 


nx 


We will use the above to evaluate 1 ,<x1/2Jd,,;9|—1 fia(n). Since 


s fua(n) = 


n<X1/2\dagjg|7! 


(= 
Similarly when a € [0.5, 1) we have 


I+e 


T 


2 


n<X1/2|dagjo|7} 


1+e 


gu(n) 
M<X'V2\dyrjgl|—in-! 
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an Jaayal 0 xerprao-* ' 


(4.1.5) 


ae aia eae) ; (4.1.6) 


(4.1.7) 


Proposition 4.1.1 implies that for a € (0, 1/2) we have 


X /n2)i/2 
S- hu(m) ge 
ee |div/o| 
= Idygjql 


2\1/2+¢ 
re) (ae ) / | aaah? Xue p/20—*) 


T|dujol'* 
(4.1.8) 
and for a € [1/2,1), we have 
X /n2)1/2 
hy(m) =ressaCv(s) I 
m<X4/2\dygjg|7tn-} | mol 
(X/n? ete bse = 
LO 1 \d ( a)/5 xX n2 a/2+e)7716/5(1 a) : 
(I aaltepet 
(4.1.9) 
We denote the error term above as 
X /n2\1/2 
Er(a) = E(a) := S- hu(m) — reser (s) 
M<X'V2\dygjg|~1n-1 | mol 


First we establish the main term, this is done by summing over the n. As indicated 
in equation (4.1.2) and (4.1.7), the main term may be obtained by finding the value 


of 
> n2)1/2 
oy PC ae (cea 


M/Q n<XYV/2|dyzjq/-} |dv/o| 
ldagjal <X1/? 
Gal(M/Q)=C3 


“xin yp eats) gu(n) 
rae lamjal  pexrtdyyjal-? 
|dnzyql x0? 
Gal(M/Q)=C3 


Note that by Louboutin (2011) we have 


|ress—16.r(s)| = O(log” (|dazyal)) (4.1.10) 


where the implied constant is independent of M. Using this and the fact that 


Sn<ex gu(n) « X24, we have that 


sr teseaasiuls) sue) 
rae d/l pcxet/dyyQl—4 
Idagjol<X1/? 
Gal(M/Q)=C3 
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is bounded above by a constant. By the way > gy(n)n-* is defined, and letting 


X — oo we see that the above is 


Gex ress-1(fi(M,s)) _ ress—1¢m(s) gu (n) 
a. gee ee, ae : 
M/Q M/Q M/Q M/Q) n<XV2|dyqjq\-} 

ldug/gl21 ldzjQl <X1/? 
Gal(M/Q)=C3 Gal(M/Q)=C3 
(4.1.11) 


Hence we have that the coefficient of X!/2 is C. Hence we have that 


No(Q, Aa; X) =CX'? + SS > S- fux(n) 
M/Q KEL(M) n<X1/2\dysjg|-! 
Idugjol<X1/? 
Gal(M/Q)=C3 


(4.1.12) 
+O ys ~~ gu(n)E(a) 
M/Q n<X1/2\dygjq|—1 


ldagjol<X1/? 
Gal(M/Q)=C3 


We now take the sum over n and then minimize the error term with respect to T’ and 


S- gu) (an) at |, 
n<X'/2\dygjg\7* n |dis/o| 


Hence when a € (0, 1/2) we have that the error in (4.1.12), using (4.1.8) is 


= > ~— gun) E(a) 
M/Q n<X'2\dygjQ|7t 

ldagol<X1/? 

Gal(M/Q)=Cs 


a. Note that 


KX 1/24 n 
< Yam ys 
T\d eke nite 
M/Q M/Q NX 2 \dygjQ|74 
\dagjgl<X1/? 
Gal(M/Q)=C3 


Xa/2+¢ gu(n) 
ty » T3/2(a-1) | [ean Ss mate 
M/Q M/Q n<XV2|dyp9|71 
ldurol< XV? 
Gal(M/Q)=Cs 
Xl/2te x14 1=20 
< a digi ee Eee) ( 4.15 
> T\dujql**° |dar/o|*/? 


ldysjol<X1/? 
Gal(M/Q)=C3 
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Similarly by noting that when a € [1/2,1), 


(aaa) a ee 


since |dijo| < X¥/?, using (4.1.9), the error term is in (4.1.12) is 


be os gu(n)E(a) 
M/Q n<X1/2|dagjg|7! 
ldurjol< XV? 
Gal(M/Q)=C3 
X1/2+e 
< a | 
2. Fda 
\durjol< XV? 
Gal(M/Q)=C3 


(4.1.14) 
af |darjq| O79? X 4/2 |/T/8/90—4), 


We say that E17(a) is (4.1.13) when a € (0,1/2) and El7(a) is (4.1.14) when a € 
[1/2,1). Now we minimize E1(a) = El;(a) with respect to T. We allow T to vary 
with WM. We need to ensure that T > 1 and is in fact increasing with X to ensure that 
the bounds from our integrals hold. We minimize E'1(a) with respect to T. Let « > 0 
be any arbitrarily small positive constant, then we have the following table. The first 
column denotes a value of a that we fix. Having fixed that value of a, the error term 
is minimized when we have T being the size indicated in the second column. The 
third column represents that size of E1r(a) after having fixed a and T. The last 


column represents the condition we need so that T' > 1 holds. 


a T E1r7(a) is |daz/o| 


€ Olldaje| 7) O(|darjg| 3/2 * X72") ldizjo| a x4 
1/2 Odile err™) Oldie OAR) |dizjo| < X°/4 


a O(X*) O(\du mecca, Ger cas 
/Q 


Given this we see that when |dujo| < X°/™4, |dizjq|9/OX1V? < XV? |dyjgl7tt 
implying that #1(1/2) < E£1(1 —«). We also see that F1(1/2) < E1(e) for all the 
range of |djz/g| that we are concerned with. Let A(a) denote the exponent of |dyz/9| 


in E1(a) and let A,(a) denote the exponent of X in E1(a) after having fixed T. So 
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for instance, by the table above, A(1/2) = —9/16+e and A,(1/2) = 11/32+e. Under 


this notation, we minimize the error terms as follows: 


3 XA) dyjq/4 < > F1(1/2) + S- El(1—€) 
M/Q M/Q M/Q 
ldagjql < XV? ldagjql<X°/14 X5/14 <|dagjql< XV? 
Gal(M/Q)=C3 Gal(M/Q)=C3 Gal(M/Q)=C3 


<X 11/32+« 4 X 9/28 


ZX MBE S 0.34B8-+e 


(4.1.15) 
This implies 
Ne(Q,AX)=CXM 4 ST STS fane(n) + (XM), 
M/Q KEL(M) n<X1/2|dyrjq|7} 
ldugjql<X1/? 
Gal(M/Q)=C3 
(4.1.16) 


Recall the definition of 3) fi.«(s)n~* in (4.1.1). Now we address evaluating 
DK EL(M) LUn<XV/2|dyz/q\-! Ju,K(m). For each K we observe that Vy, fu,x(n)n~ is sim- 


ilar to Cx(s)/C(s), and we break the terms up as follows: 


Yo fu.xc(r) = DO guw(n) SS basx(m), 


nix nix mexX/n 
hur n K\S 
x a ) = “), (4.1.17) 
 gat() _ £9) 
d ns = f2(M, K, ets) 


Here the Euler product for >, gu.i(”) for real part of s bigger than 1 is 


is 3 ty 1 
vent) UL, (0-2) (+8) 01-2) at, -# 
pOx =(1111) P PY? pO%=(22) PY) pOK=(31) e 


p#2 p#2 p#2 


(4.1.18) 
where ryx(s) is the contribution from the ramified primes and the prime 2. By 
Lemma 3.2.4, Sn<x gu.x(n) = O(X'/?+*). We now state a result that we will estab- 


lish in the next section. 
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Proposition 4.1.2. Let 0), hu«(n)n * = Cx«(s)/C(s). For arbitrarily small positive 


constants € and 6 withe > 6 > 0, anda € (0,1), we have 


Xlte 
d hux(n) =O ( gre X°T- lds 9? : (4.1.19) 


nx 
We will use the above to evaluate Yin<X1/2|dqgjqi-} fi.x(n). Since as indicated in 


equation (4.1.17), 


S- fu,x(n) = S- gm,k(n) S- hu.x(m), 


n<X'/2\dysjq\-1 ns X12 \dyrjq\7} m<X'/2\dygjq|-1n-} 


Proposition 4.1.2 implies that for a € (0,1) we have 


X/n2\V/2te = ne on 
S- hu.x(m) =O (Foe aE axel? 3 22(X |?) [2+ 7/3/20 yo 
1/2 
Stor 


Now we take the sum over n to get that the above is 


X1/2te x4 1—2a 
< +d 1/2—3a/2 ya/2+e oF 3/2(1—a) ( Zn oe 
T|dujql*** duel of ldmjql'? 


Denoting the above as E27(a), we minimize the above with respect to T in the table 
below. The first column denotes a value of a that we fix. Having fixed that value of 
a, the error term is minimized when we have T' being the size indicated in the second 
column. The third column represents that size of F1;(a) after having fixed a and T. 


The last column represents the condition we need so that JT’ > 1 holds. 


a (ie Ea) ldszal 


12 O(|dujg) eX) O(|dujo|-*/7 6X94 6) Idol < X13 
ie O(X*) Oldie ee) 


Recall that |C(W)| = (|Clig[2]| — 1)/3. We set B to be the smallest known constant 


such that |Cli[2]| <<. |dizjo|?**. Hence we have that 


Al 


» > tux (”) 


M/Q KEL(M) n<X?/2\dysjq\7! 
Idagjal<X1/? 


Gal(M/Q)=C3 
K So |Cly[2]|£2(1/2) + e |Cly[2]|£2(1 — €) (4.1.20) 
M/Q M/Q 
ldajql<X 8 X3<ldujgl<X*/? 
Gal(M/Q)=C3 Gal(M/Q)=C3 
ZN yA te x Bte  y Pete, @ x 0.406.. 


Here we used the result in Bhargava et al. (2017) that states B = 0.278... is the best 
we can do at the moment. Hence, combining all the above with equation (4.1.16) we 


have, 

No(Q, Aa; X) = CX? + O( X06), 
Under the assumption of the ¢—torsion conjecture (Conjecture 2.1.7), B = 0 which 
implies that 


No(Q, Aa; X) = CX? + O(XP/Mt), 


The next section is devoted to computing the contour integrals. 


4.2. 'THE CONTOUR INTEGRALS 


The purpose of this section is to justify the claims in Proposition 4.1.1 and Proposition 


4.1.2. By equation (4.1.3), equation (4.1.17) and Perron’s formula we have 


Oe One = (/, rh+fefe [,,sals)as), 


n<xX 
(4.2.1) 


Sinc= (fhe fr frp Soa). ara) 


nox 


where the contours are the straight lines that connect the points as stated in Table 
4.1. Throughout this section we assume that € > 6 > 0 are arbitrarily small positive 


constants. The integrals over C, and C’; may be treated similarly and the integrals 
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over Cy and Cy, may be treated similarly. We break this section into subsections that 
address integrating over each of the given contours. Such methods may be found in 
other analytic number theory works such as Atkinson (1941). 


4.2.1 INTEGRATING OVER C} AND C5 


In this subsection we establish 


s 1+e 
és Car(s) as =O (= (4.2.3) 
and 
C(s) Xs _ Xite 


The integrals over Cs can be bounded above in the same way. The method to 
integrate Cy(s) is the same as the method to integrate ¢«(s)/¢(s), here we only 
integrate Cy(s). 

We begin by interchanging the order of summation, and have 


1+5-iT (X/n)$ 


+6—ioo S 


ee Car(s) as = har(n) | ds. 


+6—i00 


Observe that 
aes (X/n)° i hee log(X/n) 
————daAs= 
1 ( 


e 
—_as 
1+6—ico) log(X/n) § 


+6—i00 S 
Note that X # n. The integral is over a contour that does not cross a point with 
t = 0, hence e*/s has no poles in the contour. We bound this integral by forming a 


rectangle to the left as indicated by the diagram below. Note here we assume that 


log(X/n) > 0 and the dotted line represents o = 1. 
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(—oo — iT) log(X/n) (1+ 6 —iT) log(X/n) 


(—oo — ico) log(X/n) (1 + 6 — ico) log(X/n) 


(4.2.5) 
Since the function e*/s has no poles in the rectangle and o tends to negative 


infinity, e*/s tends to zero uniformly in t, we have 


Vee iT) log(X/n) e8 ae iT) log(X/n) @8 | nae es 
( ( 


1+6—ioo) log(X/n) § 1+6-iT) log(X/n) § 1+6—ioo) log(X/n) § 


Hence 
(—co—iT) log(X/n) | e§ 1 (1+6) log(X/n) (X/n)4é 
| ce ar pc a 
(14+6-iT) log(X/n) | 8 T log(X/n) J- T log(X/n) 
Bounding ii i 1s Se ee “ds is similar. This gives us 
14+6-iT (X/n)8 1 (X/n)46 
[lt ay ge LI 
1+5-ico = S T log(X/n) 


Hence 


+6—ioo 


146—iT xs xi+6 hu(n 
i 0 MUS Sas = 0( T Sara): 


We break the ranges of the summation as 


E=O+ E+E DY. 


n n<X/2  n=X/2  n=X = n>2X 


Notice that we have for n < X/2, (log(X/n))~! < (log(2))~1. The hy,(n) are bounded 


above in size by d3(n) where d3(n) is the number of ways to write n as the product 


44 


of 3 natural numbers. This implies hjy(n) < d3(n) and we know that d3(n) = o(n°). 
Using these facts and partial summation we have that 
hu(n) 
ee BO): 
xn n'+ log(X/n) 


Similarly 


hu n 
d. nits aoe A 


n>2X 


We fix X to be a fourth of an odd integer. For n € (X/2, X], we have 


(log(X/n))! = 0 (4). 


This implies 
x x x 
hu(n) ne xX di 
=O pee eS Pn) —— } = O(log(X)). 
Xn nité log(X/n) & Dee aa 7 os ~ 7 2 


The part of the series with n € (X, 2X) can be treated similarly. This implies 


8 146 


where the implied constant depends on 6. Similarly, noting that hiy«(n) < d4(n) = 


o(n®) we have the result in equation (4.2.4). 


4.2.2 INTEGRATING OVER Co, C4 AND C3 


In this subsection we establish 


x* Yala 2—2a)/5 6—6a)/5 
ee Cu(s) : ds < 7 X*|dagig|' —2a)/5+eq>(6—6a)/ (4.2.6) 


for an arbitrarily small positive € and a € {0.5,1). For a € (0,0.5) we have 


X 1+e 


ds< 
Lo cecce, MO) Ss : T 


+ \durol i? PA Xa|T AC), (4.2.7) 


Similarly for a € (0,1) we have 


Cx(s) X* Xie oe "2 
ds < t |d jenaie eae) /2 4.2.8 
eo ¢(s) S T | ual ( ) 
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We may establish the same upper bound for the integral over Cy as the upper bound 
of the integral over Cy. Since the method to establish this upper bound is exactly the 
same, we only discuss how to establish the upper bound over C4 in this subsection. 
The method to establish the bounds for the integrals over ¢y;(s) and Cx(s)/¢(s) is 
the same. We establish the bound in detail for ¢y;(s) and only indicate any differences 
in the method for establishing bounds for ¢x(s)/¢(s). To establish these upper bounds 
we use the sub-convexity bound established by Heath-Brown (1978) as stated in 
equation (3.2.4). Heath-Brown established upper bounds for |L(x, 3 + it)| where x is 


a Dirichlet character. Since M/Q is a cyclic cubic extension, 


Cu(s) = [] L(s, x) 


where x are the cubic characters. We will use 


|Gar(1/2 + t)| < |dazyo|?** |e)”. (4.2.9) 


The Phragmén Lindel6f principle (Theorem 3.2.2) then implies that for o € [1/2, 1] 
we have 


l6u(o + ét)| K |dazjq| O28 *¢[¢ PPC 29. (4.2.10) 


For a € (0, 1/2) we will use the standard convexity bound. Before we get around to 
using this, we have to address the pole at s = 1 of ¢y(s). To address the pole at 


s = 1, we define V(s) as 


s—l 

This implies we have 

Xé® X65 ae x6 

i u(s)—ds = | V(s)—ds + | ress=1(Cu(s)) ds. 
C2+C3+C4 S C2+C3+C4 Ss C2+C3+C4 g—1 S 
First we show that 
s 1+6 
[ ress=1(Cz(s)) X Hee x > cane (4.2.11) 
CotC3+Cu s—1l 8 T? 
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Integrating over Cy we have 


146+4T reg,_1(Cur(s)) X? ae 
ee gas 3 ds K ress—i(Cu(s)) XT 


and similarly over C3 we have 


ae reseni(Gur()} ~as <K ress—1(Cu(s))X°. 


As indicated in (4.1.10) the residue is a small in comparison to the discriminant. 
Since the discriminant of M/Q is at most a small finite power of X, we have (4.2.11). 

Now we address the integral over V(s). We integrate on the contours C2, C3 and 
C4 by finding upper bounds on the size of V(s) on those contours. To establish upper 


bounds, first we note that by the triangle inequality, 


[V(s)] S |¢nr(s)I 4 oi 


res.—1(Ciz(s)) | 


Note for s on C2 with |T| > 1000, 


dee [ees 
s—l 


sEC2 


)=00%), 


Hence if a > 1/2 then we have, 


s 


ds 


fovea « fr" ews) + x9 
C2 Ss atiT 


1+6 Xotre 
«< | dgiq| 227 8T382-25 = AG 


1+6 xX & 
(ere) es (4.2.12) 


xXxit6 Xe 
| 
dq 20+ 9/5 T60+8)/5 ome) 
Xite X*+4ldygjg|?4-9/* 


< T | T(6/5)(a-1)4+1 


ding a THIER, 


a 


<|divjo 2/571/5 ye ( 


Similarly, when a < 1, we have 


res,—1(Cyz(s)) 
a+izt-—1 


= 01x). 


AT 


Consequently with a € [1/2, 1) 


s 


ds 


xs a—iT xX 
[Visas « fo (igar(s) +X) 


Xate 
—— dt 
t+e (4.2.13) 


T 1 
<ld ae cae | t|3(2-2a)/5 dt. 
ldwal A 


T 
«|. ldyyjq| 22/5 [¢BC-29/5 


< digg COX rr ee. 
Note that while JT > 1, we have that 


X**ldurjg Pee 


ate (22a) /S-+erp(6~-6a)/5 
T(6/5)(a—1) +1 < X*"\duo| T 


Combining equations (4.2.13), (4.2.12), (4.2.11), (4.2.3) and (4.2.1) we have for a € 
[1/2, 1) equation (4.1.6). 
In the case that a < 1/2, we will use the standard convexity bound. We have 


s 


ds 


"carts + x9] 


HiT 


146 XoriTte 
< r aaa 1/20 /2773/2—3/20 = ae 


146 xX 2 
1/27m1/2 ye 
<|dsyol TX" f (aor) do 
Xie X**¢|dyjq) 2-7? 


< T | T3a/2—1/2 


(4.2.14) 


Hence, when a < 1/2 


xs X19 |darig|~? X***|dujol/? 
| 4.2.15 
[. V(s) 3 ds < T T3a/2-1/2 , ( ) 


Similarly, we have 
Xs -P Xate 
Wigy ad «< | a 1/2—a/2)4|3/2(1—a) dt 
[Ver as « fo dupal? e920 


T 1 
<|dyyql/2-7/2.X% i je eat-9) at (4.2.16) 


<ldige\ OE Pee. 
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Similarly, since we set T’ > 1, we have that 


A eioh  o 
T3a/2—1/2 


< digg x Tp ee), 


Combining equations (4.2.16), (4.2.15), (4.2.11) and (4.2.3) shows equation (4.1.5). 
Now we address the case of ¢x(s)/¢(s). We no longer have sub-convexity esti- 

mates, and must resort to the standard convexity estimate. We note that Cx (s)/C¢(s) 

is entire. We find upper bounds for ¢x(s)/¢(s) by using the Phragmén Lindel6of 


principle and the functional equation as stated in equation (3.2.2). Hence we have 


Cx(s) X° and 1/2—0/2 = 5 aus 
* d | d /2-0/ 73/2 3/207 ag 
C. C(s) s os a dual ae 
146 xX id 
1/2qp1/2 4.2.1 
<dujel°T ) ( samcoun) do ( 7) 


Xie X*\dujol/2-/? 


< T | T3a/2-1/2 


Similarly whilst integrating over C’3 we have 


G(s) X* . 1/2—a/2)413/2(1-a) *° 
ds < J |dujal!?-*? 920-9 at 
cs C(s) 8 _7 Aural el pase 
ig 1 
d dere | t|3/20--4) dt (4.2.18) 
<|dujol ltl ae 


Kldage| rx Eee 


Gathering (4.2.4) and the two bounds above implies the bound in equation (4.1.19). 

Now we explore the consequences of assuming better subconvexity bounds. Under 
the assumption of the Lindeléf Hypothesis (Conjecture 3.2.3), we may set a = 1/2 
and we have that 


Xs Xite 
Cu(s)——ds OP Se aaa ae ite ldnzjol’- 


a 


Similarly, under the Lindelof Hypothesis, with a = 1/2 we have 


1I+e 


if CK(s) 
Car OreCr- C(s) 


x x 
— ag ldajol*- 
Ss 


Tite 
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Hence for a € [1/2, 1), we have 


Get? 
hu(m) =ressa6(9) 
m<X1/2\dygjg|—!n-! | M/Ql 


Oe AE ie: 
| Tldujol*** ~ \\daoln 


(X/n2)¥2+« ( xu? i 
T\dujq|'** 


and 


SS hu.«(m) < 


m<XU2|dypjq|-tn-} ldujqin 


We will get. the same main term C_X'/? as in (4.1.11). We set B to be the smallest 
known constant such that |Clis[2]| <e |dir/q|?**. As in the previous section observe 


that that Drcx gu(n)n-V2-*§ K X*, Dncx 9u,x(n)n-V/2-¢ < 1 and that 


SS lduyel/?* <1, 


M/Q 
Gal(M/Q)=C3 
ldysjQl<X 


S>  |Cla[2]||daryq) 1/7? * « XP”. 
M/Q 

Gal(M/Q)=C3 

Idysjql<X1/? 


Using these observations, we note that 


SS gu (n) a hu(m) <« Ss hu(m) 


n<X1/2\dygjq|—! ms<X1/2|dygjq|-tn-1 mS"? ldarjql 
and 
~~ gux(n) me hu,x(m) < De hu,x(m). 
n<XV2|dyp/9\71 m<X1/2\dyzjg|—n-! m<X*/2\dysjq\7} 


By letting T = X/4+/|dysjq|!/2 we see that T > 1 for all M that we are con- 
cerned with. Now note that under the assumption for the size of T and the Lindelof 


hypothesis, we have 
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S- os y fuc(n«K Do » a 

M/Q KEL(M) n<X1/2|dygjq|-} M/Q KEL(M) n<X1/2|dygjq\7! 
ldacjql<X1/? ldarjql X10? 
Gal(M/Q)=C3 Gal(M/Q)=C3 


XlWAte 
S 2. hy ee 
M/Q Keg£(M) |°M/Q 
Idasjol<X1/? 
Gal(M/Q)=C3 


< Kl/Aste S- |Clag[2]||daryq)/?* < KX UATB/2+e 
M/Q 
Gal(M/Q)=C3 
|durjgl<X1/? 


After going through similar calculations for 


ys S fu(n) 


M/Q n<X1/2\dygjq|~1 
Idugjol<X1/? 
Gal(M/Q)=C3 


we see that 


No6(Q, Aa; X) = Cx? + Oe er), 


Under the assumption of the Lindelof Hypothesis and the assumption that 


|Clu[2]| < |davjel* 


we have 


N6(Q, Aa; X) = Cx O( xX), 
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hu (n) 


CHAPTER 5 
COUNTING NUMBER FIELDS WITH FROBENIUS GALOIS 


GROUP 


We will use the same notation we set up in Notation 2.1.5. Recall that N/k is a 
Galois extension with Galois group G € F,. The group G = F ™ H and the fixed 
field of F is M, the fixed field of H is k. In our case, F' is always abelian. The field 


diagram of interest is: 


N 

| 
K = Fix(H) IF 
Ia (5.0.1) 
M = Fix(F) 
|F|=m 
|H| 
k 


We outline the main ideas behind obtaining an upper bound for N,(k, G; X) for 
Ge Fiy 


e With the notation above, we fix a base field & and exploit the discriminant 


relation dy /, = Cire N mye (nym). 


e For each fixed M/k, we count the number of abelian extensions N/M of de- 
gree m with the discriminant dy; having a certain fixed support. To count 


Nmt(k, G;_X), we sum over all M/k and the corresponding possible supports of 
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dyjm- Precisely, Nnu(k,G;X) is bounded above by 


X 
Nint(k, G; X) < Nm (wr a) 
2. Nejo(duye)™ 
Ne/o(dmye)SXV™ 
[M:k]=t,Gal(M/k)=H 


e Show that the number of distinct integer values Nisjo(dnjm) < X above can 
take is O(X'/"(@)) for some function R that depends only on G. This is made 


precise in Lemma 5.0.3. 


Obtaining upper bounds for N,,(k,G;X) for groups in F is done in the same 
manner as above, however we use another discriminant relation. In particular, the 
Frobenius extension K’/k need not have any subfields so a discriminant relation that 
depends on subfields may not have been applicable. Instead, we use a Brauer relation, 


that connects dx, with dyyj, and dy/y. 


Theorem 5.0.1. (Fieker and Kliiners (2003), Theorem 4) Fix an algebraic number 
field kk. Let G=F ™ H be any Frobenius group. Let N/k be a normal extension with 
Gal(N/k) = G. Let K be the fixed field of H and M be the fixed field of F. Then 


Using these discriminant relations, we have the following equations. For G € F,, 


Neglh: Ge) = S- > I. 
M/k N/M 
Nu/o(dyn)SXV™ [N:M]=m, (5.0.3) 
Gal(M/k)=H = Nujo(dnjm)SXNb/o(duse)—™ 
Gal(N/M)=F, Gal(N/k)=G 


Similarly for G € F, using (5.0.2) we have 


Ni (k, G; X) = S- S- iy 


M/k N/M 
Nigjq(dujn)S Xm [N:M]=m, (5.0.4) 
Gal(M/k)=H Nujo(dnjm)SX*Nio(dursn) "—, 
Gal(N/M)=F, Gal(N/k)=G 
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To compute the inner sum we fix M/k as ask how many abelian extensions N/M 
exist with a certain finite support. We have the following results and we present a 


proof in the next section. 


Lemma 5.0.2. Let M/k be a finite extension. Let P be a finite set of primes in Oy. 
The number of abelian extensions N/M with Gal(N/k) = G of degree m which are at 


most ramified in P is bounded above by 
OG ne (Cl Nio(durye)”**) 


Here, 


D = Dlk, Hm) = imp #0) 
duyjo log (|dazal) 


(5.0.5) 

This Lemma gives an upper bound for the number of abelian extensions N/M with 
fixed degree m and with a fixed support for dy/y. Adding this number of abelian 
extensions over all possible supports for discriminant less than X gives us an upper 


bound for N,,(M, Ff; X). The Lemma below counts the number of degree m abelian 


extensions of WM with discriminant at most X. 


Lemma 5.0.3. Fix a tower of number fields M/k/Q. Fit Fx H=GeE F,. Let 
M/k be a Galois extension with Galois group H. For any integer s such that s|m and 


s > 1 we define the set 


[L : M] =s, L/M is abelian 
A(G,M,k,s,X)=4L/M: . 


Gal(L/k) =G, Nuyo(drim) < X 


Then we have 
A(G, M,k,8,X) <eye,— CP NOG) Nig (dagyn)PTEX Rt (5.0.6) 


where R= mt(1—p~') when s =m and R= p-—1 otherwise. Here p is the smallest 


prime divisor of m. 
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We first bound (5.0.4). Here, we do not use that the Galois group of N/M is F, 


so we drop that condition from the subscript. By Lemma 5.0.3 we have 


> Ll< eat) po  Neeldnne) mae eQH (Ne/o(4m/e)) 
N/M 
[N:M]=m, Gal(N/k)=G 
Nujo(dn/m)<X*Nejo(drje)7 OP 
Note that by a result of Robin (1983), w(n) < 2log(n)/loglog(n) for n > 3. By the 


upper bound on w(n) and the observation that Nijo(das/e) < Xt/(™-)) | we have that 
Nejo(dapn) CON MD)) Kp mnt XE 


This implies that 


m1 


nee ys Nujo(duye) =P. 
1s (5.0.7) 
Nejo(du eyo X!/r-Y) 
Gal(M/k)=H 


By assumption we have 


SS teva ae 
M/k (5.0.8) 
Nolan) SY 
Gal(M/k)=H 


Consequently, by Abel summation, (5.0.7) is bounded above by 


Nmn(k, Gs X) <X ED nani m= =) 4001 0) 
(5.0.9) 


iar Gs aD) 


<X me iT Ode 


From (5.0.3) we now obtain the upper bound for Ni(k,G; X) in similar fashion. 


Nme(k, G; X) KX m= Tt S- Nijo(duyn)”> 7-5 
M/k 
Neo(du/n)<X/™ 
Gal(M/k)=H 
i (5.0.10) 


KX mA + (x elort9 aos) + o(1)) 


a1(H,t)+D 


SX mew Xa 


This proves Theorem 2.1.6. 
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Assuming Malle’s conjecture for N;(k,H;X) and the ¢-torsion conjecture, equa- 


tion (5.0.10) implies that 


Nint(k, Gy X) <X vue *¢ (x (09a) + o(1)) 


a(F,m) , a(H,t) be 


A, Gas RS Gat 
This follows from the fact that F is an abelian group hence a(F’,m) = (m(1—p7'))7?. 
In case of G = F' x H, this is exactly as predicted by Malle’s conjecture (See Lemma 
4.1 of Malle (2002)). If G is not a direct product, but H is abelian, then this also 


implies Malle’s conjecture. 


Remark 5.0.4. In equation (5.0.9), we can make use of Abel summation differently if 


we have information about 


>» [Clacton]. 


M/k 
Nejo(da/n) SX 
Gal(M/k)=H 


We may use this information in place of equation (5.0.8) in equation (5.0.7). Using 
this information allows us to bypass the need for a point-wise bound on the m torsion 


of the class group. We use this in an application in the section 6.2. 


5.1 PROOF OF LEMMAS 


Here we prove the lemmas in the previous section. 


Lemma 5.1.1. Let M/k be a finite extension. Let P be a finite set of primes in Oy. 
The number of abelian extensions N/M with Gal(N/k) = G of degree m which are at 


most ramified in P is bounded above by 
Obs (Cl Ni yo(duye)?**) 


Proof. Define a modulus m as m = mpm, such that mp is a product of primes in P 


and m, consists of the real places of MM. A modulus m has the form 


m= || p* II V. 
p 


Vv 
peP —Y|Moo 
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Every abelian extension N/M admits a modulus m such that N/M is not ramified 
outside of m. Call a modulus f(V/M), the conductor if it is the smallest modulus 
such that the Artin map factors through the ray class field of f(N/M). The abelian 
extensions of M that admit a modulus m such that f(N/M)|m are in bijection with 
the subfields of the ray class field associated to f(.V/M). The subfields N/M of degree 
m of the ray class field of f(N/M) are in bijection with subgroups of index m of the 
ray class group Cly(f(.V/M)) (Chapter 5, Corollary 3.7, Milne 1997). To count the 
subgroups of the ray class group we use the following exact sequence for ray class 


groups (Chapter 5, Theorem 1.7, Milne 1997), 
Ox, > (Om/m)* + Cly(m) > Cly > 1. 


Thus we compute the m-torsion of the ray class group Cly(m) where m = f(NV/M). 


By the exact sequence above, 
|Clar(m)[m]] < |(Om/m)*|m]] x |Cly[m]]. 


By the Chinese remainder theorem, with M, denoting the completion of WM with 


respect to the norm v, we have 


(Om/m)* = (Omu/mo)* (Om /mMx)* = [[(Omu/p*)* & TT Mr /My. 


peP V|Moo 


Hence we have that |(O,,/mo)*[m]| is bounded above by (2m)!““[llP!_ There are at 
most |M : Q] distinct real places, hence the contribution to the |(O,,;/m)*|m]| from 


the real places is bounded above by 2", Hence, by choosing C' > (2m)!@l, 
|(On/m)* [m]| < cl”. 
By (2.1.2), 


|Clacm]] « dt < (dijo eso(dauyn))? <r Nayo(darye)?**. 
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By combining the pieces above, we have that the number of abelian extensions of 


degree m with discriminant supported on m is bounded above by 


C'PlO;(|Clur[m]) Xe, C"'Niao(durn) (5.1.1) 


Notation 5.1.2. Let N/M/k be a tower of number fields. Let Py/ss(Ox) denote the 
set of primes in k that divide Nurye(dnyu)- Let p be a prime in Z and let x € Z. Let 


v,(x) be the non negative integer such that p’?™ |x and p’ +1 ¢ x. 


Now we prove Lemma 5.0.3. 


Proof. The tower of fields L/M/k may be represented as follows. 


Note that if s =m then L/k is a Galois extension. Let ¢ denote a prime in Z. Note 
that |Prjw(Z)| = Ox,¢(|Prym(Om)|). Fix aset of primes P in Z and let Prjw(Z) CP. 
By Lemma 5.0.2 we have 

Ss Lexy |Clyg[s]|C!Pe I, 

L/M 


[L:M]=s, L/M is abelian 
&Nirjo(dr sm )>€ Pru (Z) 


Now we relax the condition that Py/,,;(Z) is fixed and consider all extensions with 


Nuyjo(drjm) < X. We define Pyy(X) as 


Py(X) := {Pry (Z): [D: M] =, L/M is abelian, Nujo(dz/m) < X}. 
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Hence we have 


x 1 < |Clas[s]| SD Clim @, 
L/M Pru (Z)EPuM(X 
[L:M]=s, ii is abelian Lim (Z)ePa(X) (5.1.2) 


Gal(L/M)=F, Gal(L/k)=G 
Nuyo(dtym)SX 


We split each Py/y(Z) into the union of two disjoint sets, Ppyw(Z) = Uzjm(Z) U 
Vijm(Z) such that 


e Every ¢ € Uz/y(Z) is such that ¢ is tamely ramified in L/Q and ¢f dyrjo. 


e Every ¢ € Vy/u(Z) is such that ¢\dasja[k : Q)mt. 


This implies that 
S- ClPiu(Z)| < S- ClUx/u)| S- Clim ()I, (5.1.3) 
Prju(Z)ePu(X) Upju(Z)eUm(X) Vim (Z)EV a (X) 
As dyjolk : Q)mt is fixed, 
s ClVtm ()| < > w2(dyor en 1)#(4arjqlh:Q)mt) iti Cee. 
Vim (Z)EV ua (X) d|dysqlk:Q]mt 
(5.1.4) 
Using that discriminants are non zero integers and that dijo = dj, joNxjo(duyn), we 


have 


Gane < Ce tere) eM naar), 


For a prime ¢ € Uz/y(Z), since is tamely ramified, we have 


mL) ae(L/Q) 
CO,= TE BP ve Mayoldrya)) = Y> FB Oe, O -— Y) 
i=l i=1 


where e(8;, 2) and f(%8;, 2) are the respective ramification degrees and inertia degrees. 


Consider first the case that L/k is a Galois extension. In this case m = [L: M] and 
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ve(Nijo(drjm)) > |G|(1 —p~') where p is the smallest prime divisor of m. Hence we 


have 


1 
De NS OO ee as) 
Uzjm(Z)EUm(X) nlGl\a-p-h<x 


If L/k is not a Galois extension, then the smallest any e(8;, 2) > 1 can be is p where 


p is the smallest prime divisor of |F'|. By combining (5.1.2), (5.1.4) and (5.1.5), we 


get 
A(G, M, Re Mm, X) Keep? e/aldye) |Clag(m] |X 1eia-wy +6 
(5.1.6) 
A(G, M, ki S, X) K Ge pOe Ve/0(4me70)) | Cl yg[s]| XPT. 
Now using 


|Cluls]| « Mejg(daryn)?** 


we have the statement of the theorem. 
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CHAPTER 6 


EXTENSIONS 


In this chapter, we explore extensions to work done here. One of the objective is to 
given an indication of how to prove the examples in Example 2.1.9. The section has 
two parts. The first part addresses the flexibility of the method of proof as we may 
use it to count subfields of various degrees. In particular we establish results such 
as N6(Q, S4;X) < X'/?+*. It is noteworthy since the extension is not a Frobenius 
extension, nor is it a Galois extension. The method of proof shows the effect of further 
ramification information. We also make use of average results of the two torsion of 
the class group of cubic fields here as opposed to point-wise bounds. 

The next part addresses the occasions in which we can say something non-trivial 
about the size of the m-torsion of the class group. In particular we show how we 
to use results such as that of Frei and Widmer. They establish a point-wise upper 
bound on the size of the @ torsion of the class group of 100% of number fields in 


a certain family of number fields. Such results suffice to prove Nin(k,Dm;X) < 


x3/(m 1) 4 min( 35 speg)) { € 


6.1 SUB-FIELDS 


In this section we obtain upper bounds for certain sextic extensions of a number field. 
In the cases of certain groups, we achieve the results conjectured by Malle. In particu- 
lar we show Malle’s conjecture for Ng(Q, CF? x Cy; X), Ne(Q, Su; X) and Ne(k, Aa; X). 
The proof for Ne(k, Aa; X) < X1/?+© is independent of the method in chapter 
3. In terms of MAGMA notation, we obtain upper bounds for N¢(Q,6T10; X), 
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No(Q, 677; X) and Ne(k, 674; X). The method used to obtain these bounds is an 
extension of the method used to prove Theorem 2.1.6, and can be used to bound 
Na(k,G;X) for various d that depend on G. This section also shows how we can 
make use of average results on the size of the @ torsion of the class group to count 


families of number fields. 


Proposition 6.1.1. The number of degree 6 extensions N/k with a cubic subfield 
M/k and fixed Galois group G satisfies the following 


Neh XY SO (6.1.1) 


Proof. Note that every quadratic extension is an abelian extension. We have the 


following field diagram: 


Se 
ge 


k 


Note that dy, = Nio(drjn)?Niujo(dnym). Let the Galois group of M/k be H. H 


can be C3 or S3 and we treat the cases separately. Hence we have 


M/k N/M 
Nujo(duyr)SX1? [N:M]=2 (6.1.2) 
Gal(M/k)=H Gal(N/k)=G 
Nurjo(dnjm)SX 471g 


We do not know if |G] = 6 or not, hence for a prime @ that divides Narjo(dn/m), we 


cannot say that ve(Nasjo(dnjm)) > 1. Now by Lemma 5.0.2 and Lemma 5.0.3, we 


have that 
Xie 
Nok, G; X) « » Pp Nx jo(dauyx) 
M/k M/ 
Nejo(dur/n) SX V? 
Gal(M/k)=H 


Recall a result of Datskovsky and Wright (1988) that states N3(k,H;X) <, X 


and recall that as indicated by the definition in (2.1.2), |Clis[2]| <i Niyo(du/n)?- 
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The Minkowski bound implies |Clyy[2]| <z. Ne/o(div/z)'/?**. Using this and partial 


summation, we have 
No(k, G}X) ke xylte (gerne + O(1)) Sp. xite 


This shows the claim of the proposition. With this in mind, in certain cases we can 


do better. In particular, a result of Kliiners gives us more ramification information. 


Lemma 6.1.2. /Kliiners (2012), Lemma 4/ Let N/M/k be extensions of number fields 
with Gal(M/k) = H and |N : M| = 2. Assume there exists a prime p € Z which is 
unramified in M with p\|Nujo(dnym). Then Gal(N/k) = C20 H. 


We can use this information as follows. We assume that G 4 C2? H. This implies 
that for each prime ¢ that is unramified in M and divides Nyyjo(dy/m), we have 
veNurjo(dnym)) > 2. Using that Mizjo(dwaz) is generally a square, we get more 


information when evaluating the inner sum in (6.1.2), which results in 


X1/2te 5 
Nol(k, G3 X) Che > Ta Nee(duye) 
M/k M/k 
Neso(dat/e)<X'/? (6.1.3) 
Gal(M/k)=H 


eyo (Cae ca a a O(1)) 


where a;(H, 3) is the best known constant such that N3(k,H;X) < X"%43)+©, This 
implies that if G4 C,2H then Ng(k,G; X) < X*/4t©, We can do better if we know 
more about a;(H,3). In the case that H = C3 and G 4 C22C3, using N3(k, C3; X) < 
X'/? we have (6.1.3) as 


No(k, G; X) Khe x l/2te ((x?)2-4? + O(1)) Lae xXlrte (6.1.4) 


This implies results such as Ne(k, A4;.X) < X1/*+©. Note this is a partial generaliza- 
tion of the results in chapter 3 in the sense that it holds for any base field. If we do 


not have that H = C3, but we have that k = Q then we may make use of a result 


63 


about the average size of the two torsion of cubic fields. In particular, as implied by 


equation (5.1.6) and (6.1.2), we see that when G 4 C22 H, 


X1/2te 
M/k M/k 
Noda se) SX? 


Gal(M/k)=S3 


In Bhargava (2005), Bhargava shows 


ys |Clas[2]| « X. 
| Mie (6.1.5) 
M:Q)=3 
ldusglSX 


When k = Q we may use this in our partial summation to show that 


No(Q, G; X) « XV? 


when G 4 C2? H and H = $3. This implies results such as Ne(Q, S4;X) < X'/?*¢, 


6.2 SIZE OF THE CLASS GROUP 


The best general upper bound for D is 1/2, however we can do better in certain 
cases. For instance, in Example 2.1.9 the result N4(Q, Aq; X) < X°7"t* makes use 
of |Cly[2]| <<. lave |: We examine what kind of results towards to size of the 
torsion of the class group will be useful in this method. We look at works that show 
non trivial bounds for |Cly,{¢]| for 100% of the fields M//Q with prescribed Galois 
group Hf. 

We describe the work in Frei and Widmer (2018a) here. In order to do this 
precisely, we establish some notation. Let C(k,n) be the set of Galois extensions 
M/k with Galois group C,, satisfying the following condition: every prime ideal of O; 
that does not divide n is either unramified, or totally ramified in M7. Consequently, 


this statement holds whenever Gal(M/k) = Cp, where p; is a prime. 
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Theorem 6.2.1. [Frei and Widmer (2018a), Theorem 1.3] Suppose k and Q({in(k)) 
are linearly disjoint over Q. Let C(k,n;X) be the subset of field extensions M/k of 
C(k,n) with |dujo| < X. Let € + 0. Define Co(k,n;X) C C(k,n;X) to be the set 
such that for all M € Co(k,n;X) we have that 


: 1 
|Cluz [4] | Kkyn, le ldatjo | 1/2-min( z=) ye (6.2.1) 


We call Ci(k,n;X) := C(k,n; X) \ Co(k,n; X) the set of exceptional fields. We have 
that 


IC1(k, 0; X)| = Obgne( Xt r=) 


where the constant 6 is defined as 


1 = 
8¢(n)(n—1) b= 
i 
2[k:Q] O(n) (n—1) k#Q 
Remark 6.2.2. Any result that shows a power saving in the ¢ torsion of the class group 


and a zero density exceptional set can be used. In particular, any result that shows 


[Carll] Kkn,e |daeol 


with limy +o |Ci(k, n; X)|/|C(k, n; X)| < X~* can be applied to our method. At the 
same time as this result was announced, Pierce, Turnage-Butterbaugh, and Wood 
(2017) announced results of a similar shape, however their results are only applicable 
to degree n extensions of Q. They are able to show |Cly[4| <n e |dzjq 2 with 
b(n, 2) < 1/2 for extensions with Galois groups other than C,, with a set of exceptional 
fields is smaller then the set of exceptional fields in Theorem 6.2.1. We make use of 
this in Example 2.1.9 where we show that Ni93(Q, C193 ™ Cy7;X) «K X°-093+ (as 


opposed to what we would get otherwise, ie, < X00%8%*©), 


An application of Theorem 6.2.1 is the second part of Proposition 2.1.8. In par- 


ticular, we will now show that for k ~ Q and for any odd integer m, 
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3 2 min(=-, 7 )+e 7 1 min(s4, 1 )+e 
Niulk, Day X) < Xm-i mi Im? I"k:O] Nom(k, Dom; X) < Nim im Im? Bea Te 


We now make precise how to use their results. Let G = Fx C,, € F, where F 
is any abelian group with |F'| = m. We find an upper bound for N,,(k,G;X). Let 
M = Fix(F) and let k be our base field. We use the same notation as in Theorem 
6.2.1. 


From (5.0.7) we have that 


|Clar[m] Ow Na /0(4ur/x)) 


m1 
es Nxjo(duyr) mp (1—p—!) 
Neso(dat/e)< XPD 
Gal(M/k)=Cp, 


Nin(k, F x Cy,)X) KX mo=nt 


eXment Clair [m]| C2? «/0(duryx)) 


m1 
mp,(1—p—L) 
MEC1(k,pi;XP1/(™—D \d, 73) Ni jo(dirn) py(1—p—t) 
Gal(M/k)=Cp, 


|Clir [m] CON /0(durx)) 


+ X meat a. 
MECo(kpr;XP1/(™—)) 74 |) Ni jo(da/e) 10-9) 
Gal(M/k)=Cp, 
(6.2.2) 
Using the fact that N,,(k,Cp,;X) < X'/@'-)), partial summation and the result of 


Theorem 6.2.1, we have that the first series in (6.2.2) is 


|Clag[m] | Ce 70a) 


m1 
mp, (1=p71) 
M/keCi(k,pi;XP1/(™—Y di 73 |) Ni jo(duyx) py(1-p~*) 
Gal(M/k)=Cp, 


1/(pr 1) min( yep=1) 5) ess +1/2 Fe 


Kk ere) ep 


where 


1 ay 
8(i 1)? k=Q 


1 
Teoma? K*Q 


6= 
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Similarly, for the second term in (6.2.2) 


[Clas [rn] | Ce Va /0(4aryx)) 


m1 
mp (1—p—!) 
M/iéCa(kepixeom—Yiactal) Naja (dary) OP ™ 
Neo(dat/e)<XP1/(m—-D 
Gal(M/k)=Cp, 


<< (xrr/en-9) 1 1) min( a—p,=179) mse +1/2+¢ sng) 


Combining the above, we have that 


Nmn(k, F ™ Cp,; X) Xana te ea te 4 ympaT te, (6.2.3) 


A corollary of this is that Nin(k,Dm;X) « X%/™-) mai Ming TEOte 4 KZ+e 
as stated in (2.1.4). Doing the same procedure with (5.0.3) we get the result for 
Nom(k, Dm; X) in (2.1.4). 
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